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Abstract: - We develop 6 new continuous time term structure model which assumes that the
instantaneous interest rate is penerated by the juinl effect of a stationary component which
induces temporary effects, and hence mean reversion in the interest rate, and a non stationary
component which induces permanent effects and accounts for the martingale behaviour of the
riskless rate, We provide a closed form solution for the equilibrium yield curve in the special
casc where the intorest rate is given hy a mixture of autoregressive and random walk processes,
Parametric return autocorrelation Lests and non parametrie variance tatio tests show thal Lhe
U8 short-term intcrest rate is a unit root process with sigonificant mean reverting component,
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1 Introduction

The pricing and analysis of the dynamic hehaviour
of bonds and interest rate sensilive securitics re-
guire the specification of the processes that drive
the underlying sources of uncertanly, Continu-
s time single-factor term structure models {e.g.,
Merton (16973,1974), Brennan and Schwartz (1977),
Vasicek (1977), Dothan (1978), Cox, Ingersoll and
Ross (1985)), or two-factor term structure mod-
als {e.g., Richard (1978), Brennan and Schwartz
(1982, 1983), Longstaff and Schwartz (1992)) pro-
vide & natural, rich and parsimonious framework for
wedelling the dynamic evolution of the entire viald
curve, Stochastic models of the tenn structure of
thiz kind have been used during the last two decades

for trading, hedeing ad general risk management of
the resulting positions over the wide range of inter-
est rate related securities. A coruoon feature to all
terin structure models is that the instantanecns in-
torest Tate is either the sole state variable or one of
the two (or wore) driving factors of the yield curve,

The defaull - free short torm interest rate is also
& key coonomic variable, sines it i an important in-
put for husiness cycle analysis through its impact
on the cost of credit, its sensitivity to the stance of
manetary policy and Lo inllationary expectations.
Civen the lmportance of the specific interest rale
process in full-fledged macroeconomic models and
for tern structure modelling, it would seem inappro-
priate and potentially risky for confident risk man-
apement to select an interest rate diffusion that is
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not congrucnt with the data,

O theoretical model assumes that the instan-
taneos intersst rate 13 generaled by Lhe jolot effect
of two unohzerved components: a stafionary oommn-
poment. which induces temporary ellects and henee
mean Toversion in the interest rate,! and a nonsta-
tiomary component which induces permanent effects
and accounts for the martingale behaviour of the
riskless rate?  We provesd by deriving the valu-
ation parcial differential equation that, in equilib-
rinm, all discount bond prices most satisly along
with its probabilistic solution. We talie one step fur-
ther to provide a closed-form solution for the equi-
libriuem yiekl curve when the temporary component
is modelled as an Ornstein-Uhlenbeck process and
the permanenl componenl is modelled as an Arith
wetic Brownian motion process, In ather words, in
the spiril of the Fama and French (1988) diserete
time model, we are superimposing Vasicek's (1977
mean-reverting Ganssian term structure medel on
Merton's (1973) random walle framework. We rest
the sipnificance of the permanent amd transitory
components in the US interest rate using paramet-
ric returns autocorrelation tests, proposad by Faoma
and French (1988), and non-parametric variance ra
tio tests, suggested by Cochrane { 1988).

The remainder of this paper is organized as fol-
lowws. In Seciion 2, we presenl oul coatinuous term
structure model, in which the instantanenus inderest
rafe & penerated by a mix of nonstalionary and sta-
tivnary uncbserved components. In Section 3, we
present aur empivical results, Section 4 concludes
Lhe paper.

2 A BSimple Term Structure

Model

Let 7 {#, 7) he the price as of calendar time ol o dis
connd bond malurieg et time 7 =4 +1,1 2 0, with
unit maturity value, i.e., Pir.v} = 1. The yield-lo-
waburily, B, ), at time ¢ for a bond maturing at
time 7 can be defined, given P {1 7). as the stewdy
state at. which the price should increase it the bond

ig to be worth one eurrency wit st Lime 7, 1 then
follows that H{t, 1) = —v}: log P {2, 7). The spod in-
terest tate is defined as v = RB{t, 1), Following the
lead of Vasicel (1Y77), we proceed with the follow-
Mg ASENTHRTIONES.

Asswnption Al: As in Fama and Trench
(1088), the spot interest rate vy is wodelled as the
s of o permanent (nonstationary) component gy,
and a remporary (stationary) component s owhich
follow unobserved continuous Markov processes:

= g + 3. (1)
where

digy = flu (i ) et + plad (r, t}dlfV':'i':'1 (2)
diy = F (e t)dt — o) (1 1) AR (3

Barh the drift, £ 0 ¢}, 2 (8, and dillusion
functivns, % (r #), a2 ¢, are sufficiently well
behaved for an application of Two's Leonune {see
Arpold {(1974)). In general, the Wiener processes
Wit and 7 will be uncorrelated. We denote the
instantansous covarianoe matrix by

Z _ i :[]F | ()

n o ptE

Applying the two-dimensional lto's Lemma, using

oxpressions | 1)-(4], wa ohtain the stochastie las of

mtion of the spol role in terms of its unobscrved
COMPOIETts:

dry = digy + dzy. {3)

Assumption A2 The price P (4,7} of o dis-
count bond is determined by the assessment sl Lo
i, ol the segment v, t 58 = 1) of the spot rate
process over the term of the hond,

Assumptlion A8: The market is efficient, there
arc no transaction costs, information is available to
all investors siimullaneously and cvery investor acts
rationally,

Assumnptivns Al, A2, and Ad imply that the
magnitude of the spot rate is the anly determinant,
of the whale term strueture amd expectations formed

"t s wel] kpown that ane of the most distinguished patterns of any mterest rate process s Lhar high (los] valnes of races,
i historical terns, tend o be followed by a decrease (increase) in races more frequently thao by an ineresse (deorease],
Sansrally, stamdand nnoik root tests indicate that interese rates follew non-stalionary stochastio processes,




with the knowledge of all past developments {includ-
ing the present) are equivalent Lo expectations com-
ditional enly om the present value of the spod rale.
Furthermore, the current value of the spot rate is
given by the interaction of two unohserved indepen-
dent stochastic components, one cAusing WmpoTary
effects while the other causes transitory effects.

Proposition 1. Under assumptions Al
A2 and A3, the price P(r,t,7) of o discount bond
ot time L of matwrity T = &+ T, given the stele
variable T 15 guren by

,,
Plrt,7) =E~¢{expi—[ (gs 1 2a)ds
S

1 /" o 2
e Jlad Lo :
: @i s
i/ ( )
T
_|.f ) g
1
T 4
+f @AW =) |, (6)
t

The fundamental partial differential eguation for
pricing discount bonds in a warket characterized by
assumptions Al, A2, Ad s

%( P By 1 gV ) + (/10P, + £ r.)

+ B - rP 4 Ppplegle) + P pl#all .
{7)

{Note that in the ahove expression subscripts denoto
partial derivatives.)

To illustrate the general model, the term struc-
ture of interest rates will now be obtained explicitly
in the situation characterized by the following as-
surnptions.

Assumption A4: The temporary compaonent
of the spot intersst rate follows the Ornstein-
Uhlenbeck process:

dz, — o {7 — z)dt + ptAW ) (8)

where @ is the spesd-ol-adjustment cosllicient
{ce =) , v is the long run mean of the process,
and pf*) is the diffusion coeflicient which allows the
process to fluctuate around its long run mean in a

I The proof is sveilable upon request.
I ote that in the above expression e suppress Tunational dependencies for notational brevity.
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continuous but erratic way. The interesl rate diffu-
s in expression (8) is also known as an elastic ran-
dom walk: it is both Gaussian and Markovian and
it was used by Vasicek (1977) in his celebrated term
structure model. The permanent component of the
spot interest rate follows an Arithmetic Brownian
Iotion process

dae = pdt + p\ AW (9]

where p and pl% are constants. This parameleriza-
tion of the spot rate dynamics was used by Merton
(1973), Finally, dW) and dW ! are assuned to
be independent (standard) Wiener processes.

Assumption A5: The two market prices of
risk, o/ and @), are constant, Le., independent
of the calendar Lime and the level of the lemporary
and permancnt components.

The [ollowing Theorem is the key result in our
paper.

Theorem 1. Under assumptions Af-A5, the
solution of the term structure equalion (6} is:

In [P (rt,7)] = H{o) - ] (i) (1- E,—m-J
(o _
— Bi{=)T - (iaﬂ) {1 Ef(r.;l.l

— T - o (# i p{q}nﬁ{q)) Tt

2
& %; EOR (10)
where
p(:ﬂ it | pv:]Q
Rfgojmorb————=g =l (11)

As in Vasicek {1977, £ (oc) is the yield-lo-maturity
of & consol bond, where the intercst rate follows the
Ornstein-Uhlenback process in (8] alone.
Proof.

The proof of Theorem 1 is based on a guess solu-
tien. Under Lhe Ornstein-Uhlenbeck process in (8)
and Lhe Azithmetic Brownian Motion process in [9),
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the valuelion partial differential equation (PDE) in
(71 can be written as:

é WP, + ; #F P+ up,
tiavy-=IE+ B —{(qg+z}P
C B poEletl g (12)
To determine a solution to the PDE (12, let
Pt m) = At,r) " Blaniemadl+FEm) - (13)

Substituting the price equation {13) and its pariial
derivatives {Fy, Py, Py, Fyp and F) into the valua-
tion PDE (12}, gives:

L
5 {rﬂzr_{'ﬂ ol | Fy —p':‘?:'tfr{q}’l"uﬂl (14)

%p{‘}zﬂﬁfl —ayBA+ A — G BA=0, (15)

ol =8 —1=10, [1f)
with bowndary conditions
Flrri=04(rri=1H{r.ri=0 [17]

IL follows thal i (14}-(16) are solved subjoct to the
boundary conditions {17}, the valnation PTIE {12)
provides the price of a discount bond maturing at
time 7 = £+ . The solution to {14) is

: 2
Flr) = %pmsTa = (,‘{}{QJF'{'?:I g ﬁ"') (T?) . {18}

Solving (13) and (16) lads to o tormuls similar 4o
Vasicek's [1977):

1— —uT
B{t,r) = ——— (19)

i {B{Ly)-T) [:a“wapf‘?'«_t—“?—[piﬂ* ;2] }
Alt }l—exp[ ([P BT f4a)] i
{20)

Substituting {18}, {19} and (20) into (13}, and rear-
ranging, gives {10) in Theorem 1.

3 Empirical Results

In this section we test the sipnificance of the per-
manent and the temporary components in the short
term interest rate nsing both paramelrie and non
parametric tests, As s standerd practice in related
empirical work, an ohserved interest rate series will
b el as a proxy of the latent variable, i.e. the
instantaneous interest rate, that drives the eolire
barm slructure,

We nse monthly time series date for the US
F-month Thill rote covering the perind 1/1972
- 81997,  Application of the Dickey-Fuller and
Phillips-Perron unit roct tests indicates that the US
Thill tate follows an integrated of order one, £ (1),
process.  However, it is widely known that these
tests have very low power.

Coclirane (1958) uses the Beveridge and Nelson
(1981) decomposition fo express a first-difference
stationary process as the sum of (covariance) sta-
tionary and randem walk components. He argues
that a measurement of the sige of the random walk
component can be a better guide to the proper sla-
tistical characterisation of the series than a sim-
ple unit root test. Ile proposes a non-parametric
mathod, the Variance Ratio, for determining the
magnitudes of the random walk and stationary con-
ponents af a time series.”

The Variance Ratio statistic can be estitnated as
follomes: ¥

where B; is the j-th sample autocorrelation coelli-
cient of the first difference of the series, Arp.
Estimates of i}.—ﬁk close to zero (vne) indicate
thar the underlving stochastic process is stationary
(8 random wallc). Values between zero and oue indi-
cate that the series contains both random walk and
stationary components, Stated differently, there is

Far example, if the interest rate vy follows an ARIMA{U,1,1) stochastic process with a maving average parameter cqual
b 0.4, the Varance Ralio statistic shows that the permanent component accounts for only 12% of the actual change in r.,

in the lomg-Tun,
fSen, for example, Huizinga (19873, and Campbell and Mankiv [1988].




evidence for mean reversion when Fﬁ‘k stabilizes be-
low unity as k increases; this implies that an increase
in the level of the current interest rate will be re-
versed by decreases in the future,

Fig. 1 plots the Variance Ratio Statistic and
shows that it. stabilizes below 1.0. In particular, the
variance of the change in the permanent Cormponent
of the US nominal interest rate is roughly 50% of
the variance of its actual change. Thus, the US Thill
rate has a significant mean reverting component.

The size of the stationary component of au 7 {1}
series can also be measured by a regTession proce-
dure which involves estimation of the scrial correla
tion of interest rate changes over various horizons,”
We estimate the k-th autocorrelation of the change
in the interest rate over & periods hy the slope co-
efficient (3, ) in the following resression:

Pipk — Tp =g + S (g — f‘:—k:' + &g (22)

When @, is zero then the behaviour of the interest
rate is consistent with that predicted by a randam
walk model. Negative (positive) values of Hy pro-
vide evidence for (against) mean reversion.

When nominal interest rates have both randem
wall and slowly decaying statlonary components,
the plot of 8, as a function of & might be U-shaped;
Jy is close to zero al short horizons (small k) as
the slowly decaying stationary component doss not
allow mean reversion to manifest itgell; as k& in-
creases the lemporary component herins to operate
and pushes 3, to more negative values; the random
walk component dominetes in the long-run, and =0
the slopes return to zero at long horizons (3, —0
as k — '[]':I.

Fig. 2 plots the estimated slape cocfficient e
against the horizon periods k. The Us-shaped pat-
tern indicates the existence of both temporary and
random walk components. For & — 60 (i.e. over
a period of § years) the regression slopes are -0.36,
We cou infer that roughly 70% of the variance of &
Byear change in the US nominal short term inter-
est rale is due to the stationary component of the
reries.®

"See Fumu and French (1988), and Huizinga {1987).
It can be shown that, for large &, the ratio of the k-period change in the stationary counponent 1o the k-period actual
change in the Lime series is equal to =24,

Fig. 1: Varinnee Ratio Statistc
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Fig. 2: Estimaied Slope Coefficients
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4 Conclhiusion

Most equilibriumn models of the tenmn structure are
assumie dynamics of the state variahle, i.e. the in-
stantaneous inlerest rare, that are not congruent
with Lhe data. Given the immportance of the chioice of
the specific interest rate process for vield enrve mod-
elling, valuation of lnlerest rate sensitive securities
and general risk management, we develop a new con-
tinuous time term structure model that replicates
empirically ohserved premises.

We take the view that the dynamics of the in-
stanfanecus inlerest rate process are given hy the
combined effect of o (stationary) mean reverting

_—J
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vomponent and a [nonstationary) marlingale com
ponent. The principat result ol the paper is a closed-
forin solution of the vietd curve when the stete vark
able is miven by a mix of auloregressive and random
walk procosses.

Such a modalling approach is justified in view
of our empiricel results. Application of the variance
ratio statistic and regression aualysis shows that the
18 shiorl term neminal interest rate is a unil root
process with a significant mean reverting compeo-
nent,
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