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Abstract

Since Bollerslev and Taylor indepedently introduced the GARCH model almost
a decade ago many questions have remained unanswered. This paper addresses two of
them. First, “‘What is the autocovariance structure of the squared errors? and second,
‘What is the condition on the parameters of the GARCH (p, ¢) model in order for the
fourth moment of the errors to exist?”. In Section 2 of this paper we answer the first
question and in Section 3 we answer the second one. In a recent paper Ding and Granger
introduced an extension of the GARCH(1, 1) model which they called the N-component
GARCH(1, 1) model and they mentioned that it can be expressed as a GARCH(n, n)
model. This GARCH(n, n) representation is presented in Section 3. Finally, in Section 3,
we introduce the two component GARCH(n,n) model and we express it as a
GARCH(2n, 2n) model. © 1999 Elsevier Science S.A. All rights reserved.
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1. Introduction

Two of the most common empirical findings in the finance literature are that
the distributions of asset returns display tails heavier than those of the normal
distribution and the squared returns are highly serially correlated. The
aforementioned stylized empirical regularities led some econometricians to
develop models which can accommodate and account for these phenomena.
Engle (1982) introduced the Autoregressive Conditional Heteroscedasticity
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(ARCH) model and Bollerslev (1986) (hereafter B), and Taylor (1986), generaliz-
ed the ARCH to the GARCH model:

p q
Etji—1 ~ N, hy), h, = Z 812—i + Z ﬁjht_j-
i=1 j=1

This paper presents exact formulae for the second moments of the squared
errors of the GARCH(p, g) model. B (1988), Ding and Granger (1996) (hereafter
DG) and Karanasos (1996) (hereafter K) give the autocorrelation function of the
squared errors for the GARCHY(1, 1) process. In Section 2 we extend these
results to the GARCH(p, g) model.

Moreover, Milhgl (1985) in Theorem 3 of his paper, gives a necessary and
sufficient condition for the existence of the second-order moment of the squared
errors of the ARCH(p) model. B (1986) in Theorem 2 of his paper gives
a necessary and sufficient condition for the existence of the fourth moment of the
errors of the GARCH(1, 1), GARCH(1, 2) and GARCH(2, 1) models. In Sec-
tion 3 of this paper we present a method for obtaining the unconditional fourth
moment, and hence the kurtosis coefficient of the errors of the GARCH(p, q)
model.

Furthermore, several empirical studies have pointed out the long memory
property (significant positive autocorrelation for many lags) of speculative
returns (e.g. Ding et al., 1993; DG, 1996). Motivated by this empirical result, DG
(1996) considered a new version of the GARCH(1, 1) model which they called
the N-component GARCH(1, 1) model. In this model the conditional variance
of the errors (h,) is a weighted sum of N components h; (i =1, ..., N) with
w; (i=1, ..., N) as weights, respectively. Each component is a GARCH(1, 1)-
type specification. We use the exact form solutions of Sections 2 and 3 to
analyze the N-component GARCH(1, 1) and the two-component GARCH(n, n)
models. This is accomplished (i) by showing that the N-component
GARCH(1, 1) process corresponds to a GARCH(n, n) model, and that the
two-component GARCH(n, n) process is represented by a GARCH(2n, 2n)
model (Lemmas 3.1 and 3.2, respectively), and (ii) by applying the results for the
general GARCH(p, ¢) model to obtain the second moments of the squared
errors of the N-component GARCH(1, 1) and the two-component GARCH(n, n)
models. Finally, Section 4 concludes.

2. Autocovariance of the GARCH model

Let &7 follow a GARCH(p, q) process, given by

p q
he=ao+ Y, agl i+ Y, Pihi=¢
i=1 i=1
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max(p.q)

q
=do + Z aE’—i+ v — Z Bive—i
i=1 i=1

max(p,q)

= n 1 —a*L 8, = dy +Ut Z ﬂivt*ia
=1

where
af #af fori#j,

ai=a;+p; fori<p,qa;=a; fori,p>q and a;=p; fori,q>p.
(2.1

Theorem 2.1. The autocovariance function of the squared errors of the above
GARCH(p, q) process is given by

Zmax{p q)eu Zij (2/3)f27 ] < q— 17
V= (2.2)
Zmax(p q)eljzlq (2/3)f23 2 qa
where
(a?k)jerax(p,q)* 1 .
= ! =E 2.2
= T — arab | e —apy 2~ P (2:2)
and
q
Z Bi + Z Z BibBi+il(@f) + (af)~1]
I1=1k=0
< o 1 1—2j
+ Y 2 BBinl@®) + (@), o= — 1. (2.2b)
I1=j+1 k=0

Observe that, for j = q, the third term on the right-hand side of the above
equation disappears since the lower limit exceeds the upper limit of the double
summation and that the autocovariance function depends on the fourth moment of
the errors which we give in Section 3. [

3. Fourth moment of the GARCH model

Let h, follow a GARCH(p, g) process, given by

p q
ho=ao+ Y agi-i+ Y, Bihi—. (3.1
i=1 i=1
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Theorem 3.1. The fourth moment of the errors of the above GARCH(p, q) process is
given by f, = 3ao f11/(1 — 04), where f1, ¢, and 0, are given by

Ao
1= s 32
/ 1 - ijzﬂi - Z?: 1Bi -2

p—1 ptq—2

¢1_1+ap+ﬁq+ Z [a1+ap(ap J+ﬁp J] Z Fﬁq 1,i

i=1 i=1

+q—2

+Z[Bj+ﬁq(aq,+ﬁ“]p2 r,

+q—2 q+p—2

p
+ﬂ‘12 aq+1 Z FJ+q 11+a1’z ﬁp+] Z Fﬂ, (323)

01 =3a; + Pz +af,+ af,+ > [a;+ afa,—;+ B,-))]

j=1

ptq—2

X Z (Vll&+ﬁl 6)F]+q 11+Z[ﬁj+ﬁqaq j+ﬁq j)]

ptq—2 r—q ptq—2
Z (yiti—s, + Pi—s) i + By Z Ag+j Z (yiti—s, + Pics) jrq—1.i
j=1 i=1

i=1

ptq—2

q—p
+%Z Bo+j Z (viai—s, + Bi—s M i, (3.2b)
=1

i=1

where I';j is the ijth element of the matrix I'=A"". A is a (p+q—2)x
(p + g — 2) matrix and consists of four submatrices:

4, A,
[As AJ.

Ayisa(q — 1)x(q — 1) matrix. Its ijth element is — (f;—; + a;—; + Bi+;), where
Pr=0 for k>q or k<0, o= —1 and a, =0 for k>p or k<0. A, is

a(q — 1) x(p — 1) matrix. Its ijth element is — a; ;, where a, = 0 for k > p. A5 is
a(p — 1) x(q — 1) matrix. Its ijth element is — B, ;, where B, = 0 for k > q. Ay is
a(p — 1)x(p — 1) matrix. Its ijth element is — (a;—; + fi—; + a;+;), where a, = 0
fork>pork<0,a0= —1and 5, =0 for k <0ork > q. Moreover,d; = q — 1
fori = q, zero otherwise, and y; = 3 for i = q, one otherwise. Finally, the condition
for the existence of the fourth moment is 6; < 1. [



M. Karanasos | Journal of Econometrics 90 (1999) 63-76 67
3.1. The N-component GARCH(1,1) model

In what follows, we examine the N-component GARCH(1, 1) process,
a special case of the GARCH model, introduced by DG (1996):

n

h, = Z wihy  where  hy = agl— 1 + Bihu—1 + V:do. (3.3)

i=1

where y; =1 and y; =0 for i > 2.

Lemma 3.1. The above N-component GARCH(1, 1) process can be expressed as
a GARCH (n, n) process given by

n n n -1 n—(1—1-—j) -1
he=Y wagt- 1+ Y Y |:n < > )n (Bi)( — 1)H1Wiai812—z:|
i=1 i=11=2 i)

j=1 \ij=i;—1+1,i;#i /j=1

i

n 1 n—d—-j) 1 n
+ [l—[ < ) >n (B — 1)l+1ht—l:| + wiao [ | (1 — py).

=1 =i, +1 i=2

(3.4)

Moreover, if in the N-component GARCH(1, 1) process, Eq. (3.3), the first
k (1 <k < n) components are integrated of order one (f; =1—a;, i =1,... k),
then the GARCH (n, n) process will still be stationary. [

Once the N-component GARCH(1, 1) process is expressed as a GARCH(n, n)

process, Theorems 2.1 and 3.1, can be used to obtain the second moment and the
autocovariance function of the squared errors.

3.2. The two-component GARCH (n, n) model

We now consider another version of the GARCH model, the two-component
GARCH(n, n) model:

hy=wihy + wihy, wi=1—w,, (3.5)

n n n n
hiy=ao+ ). avier—i + Y Brihii—i hau= Y, argi—; + Y Baiha—i
i=1 i=1 i=1 i=1

(3.5a)
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Lemma 3.2. The above two-component GARCH (n, n) model can be expressed as
a GARCH (2n,2n) process (without loss of generality, we ignore the constant),
given by

j
Z W1“1,j+1—iﬁ2i + Wzaz,j+1—iﬁ1i) 512—(j+ 1)
1i=1

™M=
M=

h, =

J

(Wiayj +waas)) & —j—
1 J

n j—1

- Z Z(Wlal n+j— lﬁ21+W2a2n+] lﬁll)bt (n+})+ Z Z [ﬂlj_’_ﬂZ])

j=2i=j j=1i=1

- ﬁliﬁZ,j—i]ht—j - Z Z ﬁliﬁZ,n+j—iht—(n+j)' (36)

j=1i=j

Moreover, if in the two-component GARCH(n, n) process, Eq. (3.5), one compon-
ent, hy, or hy, is integrated of order one (3} 1fi;=1—>"_1a;), then the
GARCH(2n, 2n) process, Eq. (3.6), will still be stationary. O

Having expressed the two-component GARCH(n,n) model as
a GARCH(2n, 2n) model, we can use Theorems 2.1 and 3.1 to obtain the second
moment and the autocovariance function of the squared errors.

4. Concluding remarks

Since the observed volatility of an asset return is regarded as a realization of
an underlying stochastic process it is not surprising that so much effort has been
lavished on building models to measure and forecast it. The GARCH model and
its various generalizations have been very popular in this respect and have been
applied to various sorts of economic and financial data sets. However, there
have been relatively fewer theoretical advancements. This paper has contributed
to the theoretical developments in the GARCH literature. In Section 2 we
presented a method for calculating the autocovariance function of the squared
errors of the GARCH(p, ¢) model. Subsequently, in Section 3 we presented
a method for calculating the fourth moment of the errors of the GARCH(p, q)
model and we considered two extensions of the GARCH model. In particular,
we expressed the N-component GARCH(1, 1) model as a GARCH(n, n) process
and the two-component GARCH(n, n) model as a GARCH(2n, 2n) process.
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Appendix A. Proof of Theorem 2.1

We prove the theorem by induction. If we assume that it holds for

a GARCH(p — 1, gq) process then it will be sufficient to prove that it holds for
a GARCH(p, q) process.

If¢? is a GARCH(p, q) process given by Eq. (2.1) (for simplicity we will assume
that p—1>¢) then it can be written as an ARCH(1) process with
a GARCH(p — 1, g) error term (x,) given by

p q
e =afel; +x, where [[(1—afLl)x,=ao+uv,— Y Bwi—i (A1)
i=2 i=1

Note that the GARCH(p, q) process is symmetric with respect to the p roots

a¥, ..., a} . Hence, the autocovariance will also be symmetric with respect to the
p roots.

Case (i): 0 <j < g — 1. Since x, is a GARCH(p — 1, g) its autocovariance is
given by

cov,(x,) = {Zf; 28inziq var(v,) = le= 26ilzij — vij) var(v), if n> g,
Zzp: 26z j+p Var(v,) = Zf’: 26z + zijp+) var(vy), if
n=j+bq—1—j=b=1 " 8,z;var(), if
n=j, Y Pplinzij-p var(v) = Y P-r8(zij + zijp-) var(v,), if
n=j—>bj=b>1, (A.2)

where the é;; and v;; are given by

) (@yay
6= , A2a
1= TTa = P [l ps i@ — ab) (A-22)

== X BaallaB )

1gq—j—(k+1)

+q*i7 Z ﬁkﬁq_l[(a;k)q—zj—(wrk)_(al?k)fq+l+k]. (A2b)
k=1

=0

Note that, when j = g — 1, the second term in the above equation vanishes
since the lower limit exceeds the upper limit of the summation.



70 M. Karanasos | Journal of Econometrics 90 (1999) 63-76

In addition, z;; is given by Eq. (2.2b) and z;;,+ is given by

q—Jj—1 v
Zipr = ) < — By-v+ 2. Blﬁq—(v—l)) [(aF)m(am = 2murt)

v=0 =1

— (a1, (A3)
where ny=1forv<gq—j—b—1, ;= —1forv=q—j—b, n,=1 for
v<q—j—b—1,n,=0forv=zq—j—b, 1<j<q—2,1<b<qg—1—},

and z;;,- is given by

qtb—(+1) v
Zyp = ), <— Bo-v+ 2 ﬂlﬁq(vl))
v=0 =1
x [(az )q+2b (2j+v) (al?k)r:,(q—v)—Zﬂ:zj]’ (A4)
where 7y =1 for 0<v<q—j—1, ny= —1 for v=q—j, n,=1 for

Osv<qgq—j—1,n,=0forv=zqg—j,and2<j<q—1,1<b<j—1

Note that in Egs. (A.3) and (A.4), when v = 0, the second summation term
vanishes since the lower limit exceeds the upper limit of the summation oper-
ator.

In Eq. (A.2) we express the z;,, z; ;—, and z; ;4, as functions of the z;; coeffi-
cients.

The covariance between & and x, j+v) 18 given by

jtv—1 ©
& =dfe_ +x,= Z (af)'x - + Z (aik)ﬁvﬂxzf(jmﬂ)bCOV (e%
jtv—1 =0 o0 .120 )
Xi—geo) = 2 (a@b)covjs,_i(x)+ Y (@ " cov;(x,). (A.5)

i=0 i=0

Substituting Eq. (A.2) into the above equation, and after some algebra, we get

p 0. 7.
2 _ 0 j+
cov (8 X t—(j+v)) = {Z A(ai* — a’{‘)(a i)J v

i=2

¥ T *
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q—1-j
*)L Z Z el}+kzuk (a1)2J+k

k=v+1i=2

i r )
@yy 3y & j—rzijn [malad) + (@) 4]
k=1i=2
min(v,gq—1—j) p

+ (aik)v Z z ]+kzu kJr ) ,
k=1 i=2

+ (@)™ }Var(vt), (A.6)

where 7, =1 for v>q —j— 1, my =0, otherwise, and n, =0 for k=, n, =1,

otherwise.
The jth autocovariance of &? (0 <j < g — 1) is given by

Z (@)x,—j—i = cov; (&) Z (af)cov(e?, X, j—)- (A7)

Substituting Eq. (A.6) into the above equation, and after some algebra, we get

14
cov; (&) = {Z eiizi; + (af) il }var(vt) (A.8)
where
J 14 "
C 1 (a*)z l] kzljk [TCI( ) ( )J ]
— 1) k=1i=2
g—1-j v p ) )
+ Y Y Y @)z l@d) T + (afy ]
v=0 k=1i=2
(a*)Z(q Da—-1-j
T—@y Z & jrizijue [ad) ™7+ (aF) 7]
=1
q—2—jq—1—j
+ Z Z (aik)z elj+thj k*(al)j k
v=0 k=v+1i=2
p é\lozij / 1 a;
T LT @A\l ai“—a’f)
p R (a*) (a*)q*ZJ'aek
~ L e"”’“’{( — ataf)l - (@)] (@ — il — afad)
(aty ="
(@ — at1 — @1’ (A8

where n; = 1 for k =j, 7; = 0 otherwise.
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The autocovariance of the GARCH(p, g) process is equal to the sum of p terms.
The last term is the product of (af) and a coefficient which depends on
at, ...,as, B1, ..., p,. Each of the first p — 1 terms is the product of (a¥y, where
i=2,...,p, and a coeflicient which depends on af, ..., ak, By, ..., B, [eio" zi)-
Given the symmetry of the autocovariance function in the inverse of the roots
(i-roots) of the autoregressive polynomial, if we interchange the i-root @ with the
first i-root a, in the coefficient e;oz;, we will get the coefficient of (a¥) J ie. the
coefficient {". Hence, (' is given by

C/ = elozlj. (A9)

Finally, substituting Eq. (A.9) into Eq. (A.8) we get Eq. (2.2). O
Case (il): j = gq. Since x, is a GARCH(p — 1, g) process its autocovariance is given
by

cov  (x,) = Y P sézy var(v) = Y 26 (ziy + vi) var(), 0<j<q—1,
T .
Zl 28112 Var( t) J = q,
(A.10)
.where é;;, v;; are given by Eqgs. (A.2a), (A.2b) and z,, is given by Eq. (2.2b).

In Eq. (A.10) we expressed the z;; coefficients as functions of the z;, coefficients.
The covariance of x; and & ; is given by

o0
CoV (Xper— ) = Z (@) 'cov(xs X,—( j+i) ) (A.11)

Substituting Eq. (A.10) into the above equation we get

COV(X;, &— ) = <zp: iliz +n Z éiif; ,>var(v,)

i=2 a;

q—1
where f;; = Y vi(afa¥)’ ™’ (A.12)

v=j

andn=0forj>qgn=1for1 <j<q—1.
The jth autocovariance of &7 is given by

cov; Z cov(x,—p, & Na¥) + (afyvar(el)

cov(x,, &2 Na¥) 7" + (a¥) ‘var(e?). (A.13)

M- T

v=1
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Substituting Eq. (A.12) into the above equation, and after some algebra, we get

cov; (&) = {i = ez (af )J[l - (g) J]

+ Z Z (aty e, n}var(vt)Jr( 1) var(e?)

p
=Y ez, var(v) + (afy(, where (A.14)
i=2
q—1 p r
{ = var(e}) + [Z Y (@) e fi— Y, eioziq}var(vt). (A.14a)
v=1 i=2 i=2

We employ the same reasoning with the one used for the j < g — 1 case to get
C = €10Z1q Var(vt). (AIS)

Finally, substituting the above equation into Eq. (A.14) we get Eq. (2.2). O

Appendix B. Proof of Theorem 3.1

Using Eq. (3.1), the law of iterated expectations, and the following equations:

A= E(htstz—i) = E(gtz 8z2 ), ¢ = Ehh,_) = E(3z2 ),

E(e?h) = E(h{) = f»/3 (B.1)
we get

fr u <

3= ap f1 + .;1 a;A; + ';1 Bici, (B.2)

where
Cj:aofl ((l +ﬁ/)7+ Z (ﬁ] l+a] z)c

a—J p—Jj
+ 2 Bjrici+ ) djuidi (B.2a)
i=1 i=1
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4j=daofi + (3a; + ﬁ;)g + ) B+ a4
i=1
q-j p—i
+ Y B+ Y i (B.2b)
i=1 i=1

where f;, =0 fork>gq, anda,=0 for >k > p.

Note that in Egs. (B.2a) and (B.2b) when j = 1, the first summation terms become
zero, when j > ¢ the second summation terms become zero, and when j > p the
third summation terms become zero, since the lower limit exceeds the upper limit of
the summations.

Substituting ¢, and 4, into Eq. (B.2) we get

f2

% =ao fill + a, + ] + [3 p+ Bi+ aby + afy]

p—1 qg—1
+ Z La; + apla,—; + -1 + Z [Bi + Blag—i + Bg—i)]ci
i=1 i=1
p—q q—p
+ By Agiidi +a, Y, Bprici (B.3)
i=1 i=1

The system of Egs. (B.2a) and (B.2b) can be written in matrix form as A-¢ = B-Cis
a (p+qg—2)x1 column vector given by ¢ =[c; --cj—141--A,—1]. B 1is
a(p + g — 2) x 1 column vector. Its i1th element is given by aq f; + f>/3(a; + B ;) for
i<q—1, and its ¢ — 1 + i, 1th element is given by aof; + (3a; + p))f»/3 for
i<p-—1

Solving this system of equations we can express the ¢;’s and the A;’s as functions of

fa:

ptq—2 f ptq—2

cj = aOfl z th + z (“/z a; - 0; + ﬁl ) Jiv (B4a)
i=1

ptq—2 f ptq—2
2

Aj=aofy = Z Fivg1:+ 3 Z itti—s, + Pics,) =T jug—1. (B.4b)
i=1

i=1

where 0; = q — 1 for i = ¢, zero otherwise, and y; = 3 for i > ¢, one otherwise.
Substituting Egs. (B.4a) and (B.4b) into Eq. (B.3) and solving for f, we get

fa=3a0f1¢1/(1 —04). O
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Appendix C. Proof of Lemmas 3.1 and 3.2

Substitution of the h;’s into the h; of Eq. (3.3) yields

n n
= Z Wiligr— 1 + Z wiflihi 1 + wido. (C1)
i=1

i=1

In the above equation, when we add and subtract sequentially the following
terms:

n k n—(k—j) k
) ﬂ< > )H Biwihi o, 1<k<n—1, ip=0, (C2)
i=1 j=1

=i+ 1, i /=1

we get Eq. (3.4). O
The sum of the coefficients of the ¢ _;’s terms and of the h,_;s terms
(i=12, ...,n)are

1= 2 II (=BT (@wll —a;=p) <1 (C.3)

We substitute Eq. (3.5a) into Eq. (3.5) and we get (for simplicity we will
assume that ao = 0)

=) (way; + Walz)el—i + Wi Y Buihie—i+wa Y Baiha s (C4)

i=1 i=1 i=1

In the above equation, when we add and subtract sequencially the following
terms:

wiBahy -k + waBuha -1 1< k<n, (C.5)
we get Eq. (3.6). O

The sum of the coefficients of the ¢> ;s and of the h, ;s terms (i = 1,2, ..., 2n)

(B G fr) £l
(i En)ferEn)eEnla o
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If Y7 jay; + Yi— 11 =1 (ie. the first component is integrated of order one),
then the sum of the coefficients of ¢ ; and h,_; is

1—W2i all(l — Zn: azj — i ﬂ2j><1 O (C7)

i=1 j=1
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