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Abstract

We discuss the covariance structure and long-memory properties of stationary solutions of
the bilinear equation X; = (,4, + B;, (), where (,, t € Z are standard i.i.d. r.v.’s, and A4,, B, are
moving averages in X, s < . Stationary solution of (%) is obtained as an orthogonal Volterra
expansion. In the case 4, = 1, X; is the classical AR(co) process, while B, = 0 gives the
LARCH model studied by Giraitis et al. (Ann. Appl. Probab. 10 (2000) 1002). In the general
case, X; may exhibit long memory both in conditional mean and in conditional variance, with
arbitrary fractional parameters 0 < d; < % and 0 <d> < %, respectively. We also discuss the
hyperbolic decay of auto- and/or cross-covariances of X; and X;* and the asymptotic distribution
of the corresponding partial sums’ processes. (©) 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction and the main results

The present paper studies the covariance structure and long-memory properties of a
class of discrete time stationary processes which satisfy the bilinear equation

,X,:é[ a—l—Zan,,j -‘rb-l-ij;X,,j, (11)
j=1 j=1
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where {{;, t €7} are i.i.d. random variables (“shocks”) with zero mean and variance
1, and a,b,a;,b;, j = 1 are real coeflicients satisfying some conditions (which imply in
particular that the series in (1.1) converge in mean square and X; (1.1) is measurable
w.r.t. to the o-field generated by {;, s < ¢, see Section 2). Put

Ai=a+Y aXi;, Bi=b+> bX_, (1.2)

J=1 J=1

Then B; and A,2 is the conditional mean and the conditional variance of X;, respectively,
ie.
B, =E{X/|X,, s <t}, A>=var{X|X;, s <t}. (1.3)

Recall that a time series is called conditionally homoskedastic or conditionally het-
eroskedastic depending on whether its conditional variance is constant or not. As a
particular case, Eq. (1.1) includes the classical AR(co) processes, which are defined
as stationary solutions of (1.1) with a; = 0:

oo
Xi—b=> biX,_ ;=al. (1.4)
j=1
In the case b=0b; = 0, (1.1) is the Linear ARCH (LARCHY) model introduced by
Robinson (1991) and recently studied in Giraitis et al. (2000b), Giraitis et al. (2001):

oo
X ={ a+zant—j . (1.5)
j=1
Another particular case of (1.1) is the ARCH(co) model:

o0

2_ 22 2 2

ry =¢0;, 0;=c+ E Ciri_js (1.6)
Jj=l1

where c;, ¢; = 0 are non-negative parameters and {&, t€Z} are i.i.d. r.v.’s with zero
mean and finite variance (Robinson, 1991; Giraitis et al., 2000a), which can be rewritten
in the form (1.1) with X, =7? and standardized zero mean {, = (¢2 — Eg?)/(var(e3))"/?
(see Section 3 below). Eq. (1.6) includes the classical ARCH(p) and GARCH(p,q)
models of Engle (1982) and Bollerslev and Mikkelsen (1996).

The general bilinear model (1.1) combines the dependence structure and properties
of both linear (AR) and nonlinear (ARCH) models. In particular, (1.1) may exhibit
long memory both in conditional mean and in conditional variance, with arbitrary
(fractional) parameters 0 < d,d, < % As shown in the present paper, the parameters
d1,d, determine the decay rate of autocovariances of {X;} and {X?} and the behavior
of the corresponding partial sums’ processes.

The interest in models of heteroskedastic time series with long memory exists in
econometrics and finance, where empirical facts about asset returns and some other fi-
nancial data motivated the study of stationary processes which exhibit long memory in
conditional variance. A number of such models (FIGARCH, LM-ARCH, FIEGARCH)
were proposed in the ARCH literature; however, long-memory properties of some of
these models have not been theoretically established, and even the existence of station-
ary solution remains controversial (Giraitis et al., 2000a; Mikosch and Starica, 1999;
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Kazakevicius et al., 2001). The long memory, in the sense of the asymptotic behavior
of the covariance function, was rigorously established for a class of stochastic volatility
models which includes Gaussian subordinated models with arbitrary form of nonlin-
earity (Robinson, 1999) and a general class of exponential volatily models and the
EGARCH model (Surgailis and Viano, 2001).

As far as ARCH models have zero conditional mean, attempts have been made to
generalize them to include non-zero drift (Baillie et al., 1996; Ling and Li, 1997;
Teyssiére, 2000). The last paper introduces a class of double long memory models
which combine long memory ARCH and linear ARFIMA processes and discusses
various inference procedures and Monte-Carlo simulations.

Let us describe the main results of the paper and the contents of the remaining
sections. Section 2 obtains the stationary solution of (1.1) as orthogonal Volterra series.
Let A(z):= > 77, a;2/, B(z):= 3. b;z/, |z| <1 be the generating functions of {a;}
and {b;}, respectively. We assume that A(z) and B(z) are analytic on {|z| < 1} and
B(z)#1 (Jz] < 1). Put

G(2):=(1-B@) "= g7/, H@E)=AE)(1-B@) "= hz. (1.7
J=0 j=1

Put /7 = {$ = (¢o. b1, ): 19l < oohllbll, = {355, 1417377, bl :=1l¢]l2.
Let (¢pxy); =D 7, ¢ifj—i denote the convolution.

Assumption A;. {g;} €%, {h;} €/* and
12

=8> K <l (1.8)
j=1

Assumption A;.
(@™ —a)xg| — 0, [|(5" —b)xgl — 0, (1.9)
where a}") =a; (1 <j<n), b}")::bjl a1<j<n).
According to Theorem 2.2 below, if Assumptions A; and A, are satisfied, then Eq.
(1.1) with =0 admits the stationary solution X;={,4,+B;, with At:a—|—A?, B, :BgJ and

A° = Zfi] a;X,—,, BY:= Zfi] b;X,_; given by the convergent orthogonal Volterra
series

A? =a Z Z htfsl hxl —sp e hsk,l — Sk Csl cee Cska (110)
k=1 s <--- <81 <t
B?:az Z gt—S|hS1—S2"'hS;‘,l—S;‘CS] "'CS],' (1'11)

k=1 s <---<s1 <t

The above solution can be written in the more compact form:

Xi=a) > Gimshg—go sl U (1.12)

k=1 s <---<s1 <t
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In the case b=b; =0, one has g; = d¢;, h; =a;, where dp; =1 if j =0,=0 otherwise,
and (1.12) coincides with the stationary solution of the LARCH equation (1.5) given
in Giraitis et al. (2000b).

Theorem 2.4 obtains a similar representation of a stationary solution of (1.1) with
b#0.

Assumption A3. There exist finite limits @:=1lim, .. Z;:I a; and b:=1lim,_ oo
>_j_1 bj such that

b#1. (1.13)

Under Assumptions A;—Aj, Eq. (1.1) admits the stationary solution

Xo=p+@+pd)y Y. Gishy sy G (1.14)

k=1 sy <---<s1<t

where u = EX, = b/(1 — b) (Theorem 2.4). Eqgs. (1.12) or (1.14) imply the useful
formula for the covariance

(a+ 1a)’ -

cov(Xo, X;) = T
Jj=0

Eq. (1.14) also yields an orthogonal Volterra series representation for the stationary so-
lution X; =r? of the ARCH(oc) Eq. (1.6) and a new sufficient and necessary condition
for the existence of its covariance stationary solution (see Section 3).

Section 4 discusses long-memory properties of the stationary solution of (1.1) with
b=0. Egs. (1.10)—(1.12) imply the moving average representations

o o) o
A,:a—l—Zij,_j, Bt:zgjyl—j’ )(l‘:Zg]Yt—j (116)
Jj=1 Jj=1 Jj=0

with respect to the weak white noise (martingale difference sequence) {¥;:={;4}. As
it turns out, the stationary solution X; = {,4, + B, may exhibit long memory both in
conditional mean and in conditional variance, in the sense that the transfer functions
G(z) and H(z) admit the representations

G(z)=Pi(z)(1 —z)™, H(z)=Py(z)(1 —z)"%, (1.17)

where 0 <d; < 1, i=1,2, and Pi(z) = Z;’ZO pijz’, i=1,2 have no poles on the unit
disk |z| < 1. Under additional conditions on P,(z), i = 1,2, (1.17) implies that the
autocovariance functions of {4,} and {B,} decay as *>~! and *"'~!, respectively.
In Section 4 we also present concrete examples of {a;} and {b;} satisfying (1.17)
together with Assumptions A; and Aj.

Section 5 discusses the decay of auto- and/or cross-covariance functions of the
“observable” sequences {X;} and {X?}. Assuming (1.17) and some additional moment
conditions, we show that cov(X,X;) and cov(Xy, X?) decay as #*¥'~! and 1/17%~1, re-
spectively. For the LARCH model, the last decay was obtained in Giraitis et al. (2001).
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The asymptotic behavior of cov(XZ,X;?) is more complicated:

Khy PN E 2(1 = 2d1) < 1 — 2d,,

1.18
Ky 221 2(1 = 2dy) > 1 — 2d,, (1.18)

cov(Xg, XP) ~ {

where «),, k5, are some constants (Theorem 5.1). The dichotomy in the asymptotic
behavior (1.18) is reflected in the asymptotic distribution of suitably normalized sums
SV (X2 — EX?), which is Gaussian for 2(1 — 2d;) > 1 — 2d,, and non-Gaussian
(given by a double Ito—~Wiener integral) for 2(1 — 2d,) <1 — 2d, (0 < d,,d> < %)
(Theorem 6.1). On the other hand, linear sums Zﬁil X, are asymptotically Gaussian
under normalization which depends only on d; (Theorem 6.2).

Let us note, finally, that formally (1.1) appears to be a particular case of more general
bilinear models introduced by Granger and Andersen (1978) and later studied by several
authors (see Tong, 1981; Subba Rao and Gabr, 1984; Terdik, 1999). However, these
works seem to focus on bilinear models with short memory which specifically exclude
(1.1). Continuous time bilinear analogs of (1.1) also have been studied in the literature,
see e.g. Ito and Nisio (1964), Morozan (1996).

2. Existence of stationary solution

Let (2,7, P) be a probability space, and let {(;, s € Z} be a sequence of i.i.d. r.v.’s
defined on this space, with zero mean and unit variance. Let #, = ¢{{;, s <t}, t€Z
be the increasing family of sub-o-fields of . A random sequence {y;, t € Z} is called
adapted if, for each t€ Z, y; is #;-measurable. Let L?(Q2) (1 < p < o©0) denote the
Banach space of all complex-valued random variables ¢ defined on (2, %, P) such that
E|&)? < oo (we identify r.v.’s which coincide P-a.s.). Write L.i.m. for the limit in mean
square.

Definition 2.1. By a solution of (1.1) we mean an adapted sequence {X;, t € Z} with
finite second moment EX;? < oo, such that for every ¢ € Z, the series 47 =37, a;X,;

and BY = Z;’il b;jX;_; converge in mean square and (1.1) holds.

Note the above definition implies the convergence X; = Lim. [{;(a + Z;?:l aX,_))
+o+ 370 biXi—j] in LX(Q).

Theorem 2.2. Let Assumptions Ay and A, be satisfied and let b=0. Then there exists

a solution of (1.1) which is unique, strictly stationary, ergodic and is given by the
convergent orthogonal Volterra series (1.12). Moreover, EX, =0 and

2 o0
a
cov(Xo, X;) = T— AP Z 9j9j+i- (2.1)
J=0
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Proof. Let us check that series (1.12) converges. By orthogonality,

o0
2 2 2 2 2
EX}=d> " > g h R

k=1 sp <---<s51<t

=a[lg|> > 1Al = a?|lglP/(1 = [|A]). (22)
k=0

Eq. (2.1) follows similarly. Clearly, {X;} of (1.12) is strictly stationary and adapted.
Let us show that (1.12) is a solution of (1.1). Put

n n

0 ._ 0 .__

A=Y Xy Bl=) biXi
j=1 j=1

Let us show that 49, and Bf, converge in L*(Q2) to random variables 47 and B defined
in (1.10) and (1.11), respectively. By (1.12),

nA(t—s1)

oo
A?—Agﬁaz Z hi—s,— Z aGi—j—si ¢ hsi—sy - Pg_ =5 Csi - e
j=1

k=1 sp<---<s1<t
The expression in {...} equals 5, — (a"™ *g),_s, = ((a — a™)xg),_,, and we obtain
as in (2.2)
E(A4] — 47, =d||(a — ") xg|*/(1 — [|A]]*).
Thus the convergence of Agn to A? follows by Assumption A,. Similarly,

nA(t—s1)

[e%S)
B?_Bgn:az Z gt—s,— Z bjgtfjfsl hslfsz---hsk_Ifsszl~~~Csk'
j=1

k=1 sp <---<s1<t
As G(z)=1+4+B(z)G(z), or g;=(bxg), (¢t = 1), the expression inside the curly brackets
equals g;—s, — (b xg)—, = ((b — B")xg)—s,, implying
E(B] — B, =@ [|(b = b")xg|*/(1 — ||]*)
and the convergence of BY, follows again by Assumption A;. As X, ={,(a+A})+ BY,
see (1.10)—(1.12), this proves that {X;} of (1.12) is a solution of (1.1). The ergodicity
follows from Stout (1974, Theorem 3.5.8), as X; = f((;,{;—1,...) for a measurable f.

It remains to show the uniqueness. Let X/, X/ be two solutions of (1.1). Then
X, =X/ — X/ is a solution of

. 0 . e} . 0 0
X = Ctzant—j + ijXt—j:3 (A, + B,
j=1 j=1
where the series /I?,b;? converge in 12 As X, — Z;’il bj)f't_j =7Y,, where ¥,:= Ctﬁ?

. . ~2 ~0 . . .
are uncorrelated with zero mean and variance EY, = E(4, )* < co, by inverting this
representation one has

Xi=(1-BL) 'Y, =) g¥,;
Jj=0



L. Giraitis, D. Surgailis| Stochastic Processes and their Applications 100 (2002) 275-300 281

and therefore, using 4; = (axg);,
~0 e ~ s ~
At = Z(a*g)th_j = Zijt_/
j=1 j=1
Hence
~0 ~2 ~0
E(4,)’ = |lh|PEY; = ||hl*E4,

or ||| = 1. But this contradicts (1.8), hence E(f]?)2 =0 and E)?,2 = Hg||2E(1<I(t))2 =0.
L

Remark 2.3. From Theorem 3.2 it follows that the homogeneous Eq. (1.1) with a=b=0
under Assumptions A; and A, admits only trivial solution X; = 0.

Next, we discuss the case b #0.

Theorem 2.4. Let b#0, and let Assumptions A\—A; be satisfied Then Egq. (1.1)
admits a solution which is unique, strictly stationary, ergodic and is given by the
convergent Volterra series (1.14). Moreover, EX; = u and the covariance of {X;} is
given by (1.15).

Proof. Let X, be a solution to the equation

o0 oo
Xo=Glatan+Y af; |+ bXi;. (2.3)
Jj=1 Jj=1
According to Theorem 2.2, such a solution exists, is unique, and is written as the

Volterra series (1.12) with a replaced by @ + au. Then X;:=u + X, is a solution to
(1.1). Indeed,

pXo=p+lim{ | a+au+ > aX, ;| +1imY bX,
j=1 j=1

n n
=lim.¢ (a+ > a(u+X ;) | +1im > biu+X ).
j=1 j=1
The remaining statements of Theorem 2.4 including representation (1.14) follow now
from Theorem 2.2. [J

Remark 2.5. From Theorem 2.4 it follows that under Assumptions A;—A; Eq. (1.1)
with b#£0 and a + @u = 0 admits the unique trivial solution X; = u.

Remark 2.6. Assumption Aj is necessary for the existence of a solution of (1.1) with
constant mean p=EX; # 0. This fact follows from Definition 3.1, the existence of finite
ub and the identity EX; = b + bEX;.
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Proposition 2.7. Assume {a;} € /?, the existence of finite limit lim Z_;’zl aj=a if
b#0, and either 3, |bj| <1, or 327, |bj| < oo and |B(z)| <1 for all |z| < 1.
Then:
(i) Assumptions Ay and As are satisfied, as well as conditions {g;} € /*, {h;} € /*
of Assumption A, with exception of ||h|| < 1.
(i) If, in addition, ||h|| < 1 holds, then the statements of Theorems 2.2 and 2.4 apply
and the solution X, of (1.1) has absolutely summable covariances

Z |cov(Xp, X7)| < oo. (24)
tez
(i) [|al| + ||b]l; < 1 implies ||h|| < 1.

Proof. (i) The assumptions on {b;} imply {g;} €/'; see Rudin (1987) and Giraitis
et al. (2000a, Lemma 4.1). Whence and from the conditions of the proposition it
follows all requirements of Assumptions A;—Aj; with exception of |4 < I.

(ii) Eq. (2.4) follows from {g;} € /' and (1.15), (2.1).

(iii) Follows from |[A]| < [lalllglli and flglh <@2m)~" [7 1 — Ble™)|7'd2 <
L/ = {lal[). O

Example 2.8. Consider the equation

X =01+ oXi—1) + fXi—, (2.5)
where o, f are real parameters. In this case, g, = ' (¢ > 0) and h, = af~' (£ = 1).
Condition ||4]| < 1 in this case becomes ||4||*> = o?/(1 — %) < 1, or

o+ p < 1. (2.6)
Clearly, (2.6) implies Assumptions A; and A,. According to Theorem 2.2, the station-
ary solution X, of (2.5) is

X=Y @B D BTl
k=1 Sp <. <8<t

Another form of the solution can be obtained by direct iteration of (2.5):

Xi=0+> 4y ] @&+p). (2.7)

j=1 s=t—j+1

Note that the series in (2.7) is orthogonal and convergent in L?(Q):
2

e o] t [e’e}

EX;=1+% E| J[ +p| =1+> @ +FY=0-2-p)".
j=1 s=t—j+1 =1

A continuous time version of (2.5) is the stochastic differential equation

dX; = (1 4+ oX,)dW, + X, dt, t€R,

where W,, t€R is standard Brownian motion. The last equation can be explicitly

solved: X, = fioo exp{a(W, — W) + (B — «2/2)(t — s)} dW,, for B < — a?/2. See Ito

and Nisio (1964), Morozan (1996) on stationary solutions of more general bilinear

equations with continuous time.
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3. Covariance stationary ARCH(co) sequences

According to Giraitis et al. (2000a), a random sequence {X;, ¢t €Z} satisfies an
ARCH(00) equation if there exist a sequence {¢, ¢ € Z} of i.i.d. random variables and
(non-random) numbers ¢, ¢; = 0 (j = 1) such that

Xo=¢ et eXig |- (3.1
j=1
The problem of the existence of a stationary solution of Eq. (3.1), with possibly infinite
mean EX,, was studied by Nelson (1990), Bougerol and Picard (1992) and recently
by Kazakevicius et al. (2001).

Conditions for the existence of covariance stationary solutions of (3.1) were obtained
in Embrechts et al. (1997), Giraitis et al. (2000a), Kazakevicius et al. (2001). Put
Ji=Eel, i=1,2; o> =var(el)= 7 — /3. As shown in Giraitis et al. (2000a) (see also
Kazakevicius et al., 2001), condition

Y ei<l (3.2)
j=1

is necessary and sufficient for the existence of a strictly stationary solution of (3.1) with
finite expectation EX; < oo. Moreover, the solution is unique and can be written as

e}
Xi=ce Y D Ciogy e Cy £l (3.3)
k=0 sp <---<s1 <t
the series convergent in L'(Q), with mean u:=EX; = ci/(1 — A 221 ¢;). In the
degenerate case o =0, or &2 =1, a.s., (3.3) becomes X, = u a.s. Giraitis et al. (2000a)

also showed that
W2y o<1 (3.4)
j=1

is sufficient in order that the solution X; (3.3) has finite variance (and therefore is
covariance stationary).

By introducing normalized variables {, = (¢ — Z;)/a, (3.1) can be rewritten as the
bilinear equation (1.1), with a = oc, a; = oc;, b= Aic, b; = Aic;:

X =( ac—&—achXt_j —&—ilc—&—ilchX,_j. (3.5)
j=1 j=1

The corresponding generating functions A4(z), B(z) are given by

o0

A(z) = GZ ¢z, B(iz)=1 chzj. (3.6)
j=1

J=1

J

Note that 5=, by=71 Y% ¢; and p=c1/(1—=b). Also note hj=(a/A1)g; (j = 1)

As in Section 2, put G(z)=(1—B(z))'=>"", g,z and H(z):A(z)G(z):Z:;i1 .
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and

J
gj = Z)»lf Z C,‘lcizfil .. .C,’k_zfik_lcj‘,ik_] (_] > 1), Jgo = 1. (37)
k=1

O=ip<i) <+ <if_

Theorem 3.1. Let 0 < o < oo. Then a covariance stationary solution of (3.1) exists
if and only if b <1 and ||h|| <1 hold, in which case the above solution is unique,
ergodic and is given by the convergent orthogonal Volterra series:

Xo=p+w@i)l > Y g by sl G

k=1 sp <---<s1 <t
o0
Y D gy g (3.8)
k=1 sp <+ <81 <t

Moreover, cov(Xy,X;) = 0 and

=\2 o0
cov(X;, Xp) = M gjdj+ts
L=l =™
Jj=0
23 ¢
a—&-,ud:c( ﬂyz—ﬂvz—i—lloo]). (3.9)
! 1-— )»1 Zl Cj

Proof. Let b <1 and ||k|| < 1. Then the assumptions of Proposition 2.7(ii) applies
and the existence of the solution together with (3.8) follows from Proposition 2.7 and
Theorem 2.4.

Conversely, assume that a covariance stationary solution {X;} of (3.1) exists. As
b <1 is a necessary condition for its existence, it remains to show the necessity of
k|| < 1. Put X, =X, — u. By (3.5),

Xo=Y+) bX, (3.10)
j=1

where Yt:CtAt:Ct(Jc+chj°il ciX—j)=Ca/(1 _5)4‘2;21 a;X,_;) are uncorrelated
and EY?=: 6% > 0 does not depend on ¢ by the covariance stationarity of {X,}. By
inverting (3.10), one obtains X, = G(L)Y; and therefore 3% a;X, ;=37 h;Y, ;.
Hence 03 = EA?> =(a/(1 — b))? + ||h||>63, thereby proving ||4|| < 1. The non-negativity
of the covariance together with (3.9) follow from (1.15) and the non-negativity of
g; 3.7). O

Theorem 3.1 and representation (3.8) allow us to obtain further results of Giraitis
et al. (2000a, Propositions 3.1 and 3.2), under the weaker condition ||| < 1 instead
of (3.4).
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Corollary 3.2. Let {X;} be the ARCH(co) sequence of (3.1), satisfying conditions
(3.2) and ||h|| < 1. Then

D cov(Xp, X) < oo (3.11)
tez

Assume additionally, for some constants 0 <c_ <cy, y>1, that c_j77 <¢; <
cij77, j = 1. Then there are constants 0 < C_ < Cy < oo such that for all t > 1

C_t77 < cov(Xo, X;) < Cot77. (3.12)

Proof. Eq. (3.11) is immediate from Theorem 3.1, (1.15) and/or Proposition 2.7(ii),
while (3.12) follows from (1.15) and
C_j g <épj7 (A0 < il <8y < 00) (3.13)

and the elementary inequalities: o_ 177 < Z/ (JT )T <ogt77, t =1, where
0 <o <oy <oo are some constants. The lower bound in (3.13) is immediate by
gj = Aicj, see (3.7). The upper bound seems to be well known from analysis. It can

also be proved by the following argument. Write (3.7) as ¢; = i:] gﬁk). It suffices
to show that there exist 0 < C < oo and 0 < d < 1 such that for all £,j > 1

g < cdtj. (3.14)

Relation (3.14) follows from the recurrent equation g;- =1 Z’ | clgEk 11) by induc-
tion on k > 1, see Giraitis et al. (2000b, Lemma 4.2). [

Example 3.3. Consider the classical GARCH(1,1) equations: 7> = &262, 6> = ag +
ar?_ | + Po?_|, which can be rewritten as

=g oco/(l—ﬁ)+oc2ﬂf it

Jj=1

or in the form (3.1) with ¢ = op/(1 — B), ¢; = af/~!. In this case g; = (1 — B)
(Ao + BY~Y, h; = go(Ajo + BY L. Inequalities b < 1 and ||h|| < 1 are equivalent to
ol + B < 1 and

2y +20p0 + <1, (3.15)

respectively. Condition (3.15) for the existence of the covariance stationary solution
{r?} of GARCH(1,1) was obtained in Karanasos (1999), He and Terisvirta (1999),
Kazakevicius et al. (2001).

From (3.8) we obtain the following orthogonal Volterra representation of GARCH(1, 1):

=p+ml Y (o) D> T

k=1 Sp < <81 <t

iy (o) YT T s

k=1 Sp < <8y <t

where {,=(2—11)/0 and y:= ol +f, p:=0oi/(1—7), w1 :=0oa/(1—PB), o :=0pa/y.
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4. Long memory in conditional mean and conditional variance

In this section we discuss some concrete examples of generating functions 4(z) and
B(z) satisfying Assumptions A; and A, which allow us to model long memory in
conditional mean and/or conditional variance.

Recall that a weak white noise is a sequence {v,, t € Z} of random variables with
zero mean and covariance cov(vs,Vy) = 6,5 Let {W,, t€Z} be a 2nd order process
having moving average representation:

Wi=m+> pvi (4.1
j=0

where m € R is a constant, {v,, t €Z} is a weak white noise, and 2721 pjz < 0.

Definition 4.1. The process {#,;} (4.1) will be called long memory with fractional
parameter 0 < d < % if

d—1 .
pj~cj > J 00,

where ¢ #0. {W,} (4.1) will be called short memory if > | p;| < occ.

It is well-known that a moving average representation (4.1) exists if and only if the
spectral density f of {W,} satisfies ffn log f(4)dA > —oo. Note that {W;} being short
memory implies that its covariance function cov(Wy, W;) = Ev}(p* p), is absolutely
summable: ), |cov(Wo, W;)| < co. On the other hand, if {;} is long memory with
fractional parameter 0 < d < % then the covariance is not summable and

cov(Wy, W) ~ cot? !, t— oo,

where ¢g = ¢?EV}B(d,1 — 2d) and B(-,-) is the beta-function.

Definition 4.2. Let X;, 4,, B; be defined as in (1.1) and (1.2). We say that {X;} exhibits
long memory in conditional mean if {B;} is a long-memory process with fractional
parameter 0 < d; < % Similarly, we say that {X;} exhibits long memory in conditional
variance if {4,} is a long-memory process with fractional parameter 0 < d, < %

Under conditions of Theorem 2.2, the processes {4} and {B;} admit moving average
representations (1.16) with respect to the weak white noise {v,=Y,={4,}. Thus, {X;}
exhibits long memory in conditional mean with fractional parameter 0 < d; < % if and
only if

gj ~cij"7l, j— oo (Fer #£0). (4.2)
In view of the last equality of (1.16), condition (4.2) is also necessary and sufficient
in order that {X;} itself is long memory with fractional parameter d;. Similarly, {X;}

exhibits long memory in conditional variance with fractional parameter 0 < d, < % if
and only if

hj~ej®7 j— oo (e #0). (4.3)
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Proposition 4.3. Assume the generating functions A(z) and B(z) are given by
1 —B(z)=Pi(z)(1 —2)",  Az) =Pyz)(1 —2)" %, (4.4)

where 0 < d; < % and Pi(z) = Z;ﬁo pijz’, i =1,2 satisfy the following conditions:
(1) Pi(z) has no zeros in {|z| <1} and 3277, Flpijl < oc;

(ii) Po(1)#0, 3572 | pajl < 00 and prj=o(j=").

Then Assumptions Ay and A, with exception of (1.8) are satisfied Moreover, if

di,d, > 0, then {g;} and {h;} satisfy (4.2) and (4.3), respectively, with the asymptotic

constants

¢ =(Pi(DI(d1)~",  ca=Po(1)(P1(1I(da))~".
Furthermore, 7% |g;| < oo if dy =0, and 3%, |hj| < o0 if d» = 0.

Proof. First note that if P|(z) satisfies (i) then Q(z) ::Pl_](z):z;’io g,z; satisfies (ii).
Indeed, by (i), O(1)=P; '(1)#0 and the function v(x):= Py p1;€7* has a bounded
second derivative: [(d*/dx*)u(x)| < 3°7%, | pi;l/?. Therefore v~'(x) =377, ;e also
has a bounded second derivative. The last fact implies Z;io |g;j] < oo and there-

fore Q(z) satisfies (ii). Next, observe that if Q(z), 0>(z) satisfy (ii) then the product
01(2)0x(z) satisfies (ii) as well.
To check (4.2), note that if |d| <1, d#0, then (1 —z)™ =1+ >, m;z;, where
TGt 1,
T r(j+1DIrd) I(d)

Therefore (1 — B(z))~' =P, '(z)(1 —z)~% = > 20(g * m);z’. Since 377 |g;/| < oo,
it is easy to show that ‘

J )
9= (@ xm)y =D a4 ~ <qu> )~ (PUDI() ™
k=0 k=0

Thus (4.2) holds. Using a similar argument, (4.3) follows from H(z) =
A1 = B) ™ = (Po2)PiE)(1 —2)~% = S hiz!, where

hj ~ Po(1)(Py(1)I(dy)) " j42~ 1,

This proves the validity of Assumption A; with exception of (1.8). Assumption A,
can be easily checked using (4.2), (4.3) and the dominated convergence theorem, since
|a"] < la;| < CljI~ =, 6] < by < Clj| ==, where 0 < dy,dy < 1. O

Corollary 4.4. Under the assumptions of Proposition 4.3, {X,} exhibits:
(1) long memory in conditional mean and in conditional variance if 0 < dy,d, < %;
(i1) long memory in conditional mean and short memory in conditional variance if
0 <d, <%, d, =0;
(iii) short memory in conditional mean and long memory in conditional variance if
d; =0, 0<d2<%;
(iv) short memory in conditional mean and in conditional variance if dy =0, d,=0.
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5. Hyperbolic decay of covariance functions

Consider the bilinear model (1.1) with » =0 which exhibits long memory both in
conditional mean and in conditional variance in the sense of Definition 4.2, or (4.2)—
(4.3). In this section, we study the implications of (4.2) and (4.3) on the decay rate
of the autocovariance functions of the “observable” sequences {X;} and {X?} as well
as of the cross-covariance between the two sequences; in other words, the asymptotics
of cov(X;, X;), cov(Xs, X?), cov(X2, X?) as |t — s| — oo. Put pu,:=E(.

Assumption A4. The fourth moment py = E(g < 0o and

1 ?[JAl> < 1.

The above moment assumption was introduced in Giraitis et al. (2000b). As shown in
the last paper, Assumption A, guarantees the existence of finite fourth moment EY{,
where Y, = (;4, is the stationary solution to the LARCH equation

Y, =1{ a"'zijt—j ) (5.1

j=1

see Section 1.

Lemma 5.1 (Giraitis et al., 2001). Let Assumption Ay and (4.3) be satisfied. Then
cov(Yp, Y2) ~ ¢3!, t — oo, (5.2)
where c3:=2a3cy/(1 — ||h||*)%.
Remark 5.2. The moment assumption A4 for the existence of EY; was improved in
Giraitis et al. (2001) to
pallAll3 + 4lus| [1A]13 + 6llA]* < 1.

The last paper also obtains conditions for E|Y;|* < oo and (5.2) which do not require

finiteness of uy.
Lemma 5.3. Let Assumption Ay and (4.3) be satisfied. Then there exists a finite
constant C such that for any integers t"" <t <t
|EY Y YA < Clt — |27 — 27| (5.3)
The proof of Lemma 5.3 is given at the end of Section 5. Define the following
asymptotic constants:

ki1 = (act /(1 — ||h]|*))*B(dy, 1 — 2d,),

L 2dcogl?

=—-+""—->B(d,1—-d —d
K]Z (1_Hh||2)2 ( 1> 1 2)7
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_2die|gl?

=22l peg, 1 —dy —
o= TPy (d2,1 —dy — dy),

K5y =2(act/(1 — ||h||*))*BX(dy, 1 — 2d,),

KKy = (4a*c3|lg||* /(1 = ||h]*Y)B(da, 1 — 2d3).

Theorem 5.4. Let Assumptions A, and A, as well as (4.2) and (4.3) be satisfied,
with 0 <dy < 3, 0 <d < 1. Then:

(1)
2d;—1 .
COV(X(),)(,) ~ K11 |l| s ‘ll — 00,
(i)
o2y R e,
cov(Xp, ~
’ K [ e oo,

provided Assumption A4 holds,
(iii)
iy [tP2N =D i 2(1 = 2d1) < 1 —2d,,

2d,—1 1] = o0,
K P i 21— 2dy) > 1 — 2ds,

cov (X, X2) ~ {
provided Assumption Ay holds.

Proof. (i) Follows immediately from (4.2) and the white noise representation
Xi=> g% (5:4)
Jj=0

see (1.16).
(i1) Let # > 0. Using (5.2) and Assumption A4 one obtains

2
cov(tanx?) —cov [ Y g . (z gy>

s<0 st

= Z g—s1 gtz—sz COV( YSl > szz )

51<0,5, <1
§ 2
+2 gt—Slg—Slgt—Sz COV(Ysla Ysz )
57 <51 <0

Put 9, :=cov(Yy, Y?). Then

t—s

= > Genligia s = D90 X Gr—lu = Y g Ky,

51 <0,8, <t 51 <0 u=0 51 <0
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Using Lemma 5.1, one easily obtains
t
K=Y g~ llglPeat™™" (1= o).
u=0

Consequently by (4.2),

T~ ercallglP ST s e 4 s sy,

s>0

In a similar way, one can show the asymptotics J;

It remains to show

Qt = O(Jt )5
where
Qt = Z gt—Sl g—S| gt—s‘z VS| —S7
57 <51 <OAt

Indeed, as ¢t — +oo,

ol<C > fi=si|f sl ¢ e = sl s — 5

52 <51 <0A?
<C Z |f —S1|d1—1|sl|ilfl‘t _S1|d|+d2_1
51<0

E]

< Ct3d1+d272 — O(Idl"rdZ*l)

proving (ii).
(iii) We have

X =G P42 > Gisen Yo Yo =%+ y

s<t $7 <s1<t

Here,

Cov(Xo,X) = Y Gyt coV(Y]LYE) =1 pu.

$1<t,5<0

Next,

COV()’O,M):4 Z Z gt—Slgt—Szg—S1g—S4 COV(Ysl YS27 YS3YS4)

S <81 <ts4<s3<0

=4 Z Jt—s519t—s5,9—s: g—SZEK\% Yszz

57 <51 <0

+4 Z gtfslglfszgfﬁgngYszl Ysz YS3 = P2 + )vlta

57 <51 <tN0,53 <s51A0

t — 0.

dy—1

(5.5)

~ Kt - —o0).

(5.6)
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where we used the fact that cov(Y;,Y,,, Y, Ys,) = EY,, Y, Y5, Y, vanishes for s; #s3,
sy < 81, S4 < 3. Similarly,

VX0, ¥)=2 > G G- EY Y Yy = o,

53 <5y <51 <0

cov(yo,x;) =2 Z J—s19—s gtz—‘uEYSl Y, Ys'23 =13

sy <s1 <853A0,53 <1t

Hence
3
Pt = COV(XOath) = p1r + pau + Z At
i=1

It suffices to show

pu ~ Koy 122 (5.7)
P2 ~ Kéz tZ(ZdI_I), (5.8)
Jir = o(max (221, ACh =Dy i =1,2,3. (5.9)

Let us prove (5.9) for i = 1. According to (4.2) and Lemma 5.3, uniformly in
sH <81 <0,

S g EV2Y, Y| < C 0 D7 sl sy — sl sy — s O

53<s1A0 53 <55 <8510

+C Z |S3|d171|S1 7‘5,3|dzfl|s2 *S3|d271
57 <53 <51 A0
< Clsy — |71,

where in the last sum we used the inequality max(|s; — s3,|s2 — s3]) = |s1 — $2//2.
Hence

<€ Y Je=sil T e = 5o sa |9 s — a2

52 <51<0
<C § : ‘Z‘*S1|2dl+d272‘sl|i]_l < Ct3d1+d272.
S]SO

As min(1—-2d,2(1-2d3)) < [(1—-2d,)+2(1—-2d,)]/2=3/2—2d,—d, <2-3d|—d>,
this proves (5.9) for i = 1.

Similarly, by (4.2) and Lemma 5.3 and noting that 2dy +d, —2 <dy — 1 — 6 for
0 > 0 sufficiently small,

iul<C > s[4 oo D st — 2| s — 3|7,
52 <81 <853M0,83 <¢

<C ) BT s sl g,

51 <s53A0,53 <t



292 L. Giraitis, D. Surgailis| Stochastic Processes and their Applications 100 (2002) 275-300

<C Y sl s — sl g,
51 <s3A0,53 <t

2d,—1-6 2 2d,—1—06
<C E s34 9, S C°2 >
53

proving (5.9) for i =3. The proof of (5.9) for i =2 is analogous as in the case i = 3.
Consider (5.7). According to Giraitis et al. (2000b), as ¢t — oo,

o= cov(YE, Y2) ~ cqt®® 1, (5.10)

where ¢4 = 4a*c3(1 — ||h]|*)B(d2, 1 — 2d,). Note that if > _ |ps| < oo and, as
s — 00, ps =0(1/s),vs ~ cs™7, where 0 <y < 1, then

Z PsUtys ~ Uy Z Ps, 1 — 00. (51 ])

s=0 s=0

Applying (5.10) and (5.11) to py; = >, - 9590 i—sits;» ONE obtains pj~

(Xgs0 92)rs, or (5.7).
It remains to show (5.8). Write

pu =4EYSY D G000 0-s9-s,

57 <851 <0
2 2 .o "
+4 E 9i—19—5191—5,9—s COV(YY[’ Ysz ) =Pyt Py
sy <851 <0

We have

2
Py = 2(EY02)2 (Z gt+sgs> - ngﬂgf ~ Kéztz(%l_l),

s=0 s=0

while pY, = o(£?2®~1) easily follows. This proves (5.8) and the theorem. []

Proof of Lemma 5.3. We shall use the results and notation of the paper Giraitis et al.
(2000D).

We use the representation Y, = {;4,, with 4, =a +A? given by (1.10). Let £ > 0,
then

t—1

A= ZAO,TA[TJ), (5.12)
=0

where, for any integers u <t <{,

Au,r =a Z Z h‘[—S] cee hs;{,] —Sk Csl o CS;"

k=0 s <---<s1<u

t—1
A[r,t):: C‘L’Z Z htfsl "'hSk_lf‘L'CSl ~~~Csk_1~

k=0 t<sp_1 <---<s51<t
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Consider first the case t=¢' > ¢ =0. Then EY;Yy = u3EA}Y, and by (5.12) we obtain

3
—1
EA}Yy=EA}(pAg =E (Z AO,‘EA[I,I)) odo
=0
-1
= Y Elp. A 04, 0l0)E[A0Ao Ao Ag |
71,72,73=0
Note EAj < oo and sup,.oEAj, < oo, which follows from Assumption A, and
(Giraitis et al., 2000b, Lemma 3.1). Hence |EAgAg Ao, A0r] < C < oo and the
statement of the lemma for 0 = ¢’ < ¢ = follows from
-1
Z |EA[7:1,t)A[rz,t)A[rg,t)C0| < Cfdz_l. (513)
‘51,72,‘[3:0

The last expectation can be written as

EApe, oA, 0. nlo = B AP RFE[L OGNS =1, = 1,2,3), (5.14)
)3
where the sum is taken over all collections (S); = (S,52,53) of non-empty ordered
subsets S; C [1;,¢) N Z with A S;:=min(s: s€S;)=1;, i = 1,2,3, and where, for any
such ordered subset S = {si,...,s51}, 5§ < -+ <sy,

B i=h_ g hg g hg g, =0 L

Using the diagram argument of (Giraitis et al., 2000b, Lemmas 3.2 and 4.2), one can
show the bounds

D SRR RR|EC RIS US, U Sy) =1) < Clt — 7| 72174, (5.15)
(8)s

and
t

> By i, 0A(e,n| < Clt — 1| 72074, (5.16)
T1,72,13=T
where 2(1 — dy) > 1, which will be used to prove (5.13). Without loss of generality,
one may assume 3 = EC} #0.

Note E[CSl CSZCS3C0]:O in (6.14) if /\(S1 USUS;)=11AToAT3 > 0. Let T3:/\S3 =0.
There are two cases: (1) A(S; US) =1 A1, =0 and (2) 74,72 > 0. In case (1),
|ECSIE: (5280 < CIEC5:¢5| and the sum on the r.h.s. of (5.14) over such (S); can
be bounded by the r.h.s. of (5.15) which is o(z%2~1).

In case (2), or 7y ATy > 1,‘[31 =0, from the identity Ajo = (o Z;:) huAu, 1 one has
EA[rl,t)A[rz,t)A[O,t)CO = EC% Z;;O huEA[‘n,t)A[rz,t)A[u,t)~ Hence and from (514), (516)

-1 -1
D 1B A, ndonbol < CY 7 1l [EAp, oA, n A

71,72=1 u=0

t—1
SCY Julf e —u 20T < ot
u=0
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which proves (5.13), or the bound |E4}Yy| < Ct*>~!. In a similar way, one can show
the more general bound: for any sy,s, = ¢ > 0,

|EA, 5 Ay, 5,4, Yo| < Ct7 (5.17)

Consider now the general case 0 =¢” < ¢’ < ¢. Then by (5.12)

2
t—1
EY?YiYo=E (Z At/,sA[s,o) LodYo

s=t’

t—1

= > ElAy A0l E[Ar 5 Av A0 o).

S1,82=t"

Whence and from (5.17), we have |EY?Y,Y,| < C|¢/|>~! 22:512:,, |EAp, Ay ot
and the lemma follows from the bound

-1

N A, g, ol < Cle— 1|7,

s1,8=t’

whose proof is similar (actually, simpler) to that of (5.13). O

6. Convergence of partial sums’ processes

In this section we consider the weak convergence of partial sums’ processes {Sy1(7),
0 <t<1} and {Sya2(7), 0 < 7 < 1}, where

[N1] [Nt]

Syi(t):= ZXS, Sva(t):= Z(st — EX?)
s=1 s=1

and where {X;} is the stationary solution of (1.1) with 5 = 0 which exhibits long
memory in conditional mean and in conditional variance in the sense of Definition 4.2.

Let us introduce the fractional Brownian motion, J|(7; d), and the Rosenblatt process,
Jo(t;d), as the stochastic integrals

J](r;d):kl(d)/R UO (s—x)i—lds] W (dx), (6.1)

(55 d) = ka(d) /R 2 [ /0 (s — 2" (s —x)! ds] W (dx) 7 (dxs) (62)

with respect to standard Gaussian white noise W (dx) with zero mean and variance dx;
see e.g. Taqqu (1975). The normalizations k;(d), i = 1,2 in (6.1), (6.2) are chosen
so that EJ?(1;d) = 1, i = 1,2. The processes Ji(t;d) and Jy(t;d) are defined for
0<d< % and % <d< %, respectively. Recall that the fractional Brownian motion
can be alternatively defined for any d E(—%,%) as the Gaussian process with zero
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mean and the covariance
EJi(x;d) (75 d) = (1/2)(|7] 724 4 |22 — Jr — /|12,

Write =ppo,1; and = for the weak convergence of random elements in the Skorohod
space D[0, 1] and the convergence of finite dimensional distributions, respectively.
Consider first the partial sums’ process {Sy2(7)}. Put Sy;=Sni(1), i=1,2. According
to Theorem 5.4(iii), under Assumption Ay,
{ RyyN'F2if 2(1 —2d)) > 1 — 2d,,
var Sy, ~

6.3
RN if 2(1 — 2dy) < 1 — 2ds, (63)

where Ry, = Kk5,/(d2(1 + 2d2)), &, = K%,/(2d1(4dy — 1)).

Theorem 6.1. Let conditions of Theorem 5.4(iii) be satisfied. Then

Ji(ridy) i 1 —2dy <2(1 —2dy),

var Sy2) " 2Sya(1) = o4
( N2) n2(T) D[0,1] {Jz(f;dl) if 1—=2d, >2(1-2d). ©4)

Proof. The tightness of random elements {(var Sy, )~ "2Sy2(1),7 € [0, 1]} in D[0, 1] fol-
lows from (6.3) and the stationarity of increments, as E(Sy2(t") — Sy2(7))? =
ES%, (7" — 1) =var Sy —opp < C(var Sya)|v' — 1), 0 < v < 7/ < 1, with y > 1; see e.g.
Billingsley (1968).

It remains to prove the finite dimensional convergence. We shall prove the conver-
gence of one-dimensional distributions at t=1 only, as the general case can be treated
analogously. With (6.1)—(6.2) in mind, write Sy, = Uy + Uy,, where

N
UNl =2 Z Z Jt—s19t—s, Ysl Ysza

t=1 sy <s1<t

N

U= > ¢ (¥}~ EY}).

t=1 s<t

Let first 1 — 2d, < 2(1 — 2dy). Then from the proof of Theorem 5.4(iii) one ob-
tains var Uy, ~ var Sy, var Uy; = o(var Sy, ), and the convergence in distribution
(var(Sy2))~"28y2 = Ji(1;d,) follows from

N7y, = ai(1;dy), (6.5)

where o = (R5,)" = 2ac; [|g||*/{(1 — [|A]*)(d2(1 + 2d2))"/*}.
Given a large K > 0, split Uy, = Uy, + Uﬁz, where

N N
Uppi=Y_ D L0 —EYD), Upyi=) Y g (¥ —E¥)).
t=1 t—K<s<t t=1 s<t—K

It suffices to show that, for all N > 1
E(Uy, ) < 6xN*4, (6.6)
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where 0y — 0 (K — 00), and that, for any K < oo fixed,
N™VRys = agdi(15da), (6.7)
where ax — « (K — o0). Here, (6.6) follows from (5.10) while (6.7) follows from

N
N=P=ENP —EYE) = (R) /N9l (15 da),
=1
see Giraitis et al. (2000b, Theorem 2.3), since Uy, can be represented as Uy, =
SR g2 SOV (Y2 — EY?) + Op(1). This proves (6.5) and the first part of the
theorem, too.

Next, consider the case 1 —2d, > 2(1—2d;). In this case from the proof of Theorem
5.4(iii) one obtains var Uy, ~ var Sy, var Uy, = o(var Sy, ), and (var(Sy2))~"2Sys =
Jo(1;dy) follows from

N2 Uy, = (@) h;d). (6.8)

The proof of (6.8) uses the “scheme of discrete multiple integrals” (Surgailis, 1982;
Surgailis and Vaiciulis, 1999). Consider a quadratic form

Q)= P(s1.52)Yy, Y, (6.9)
S1#£82

in martingale differences Y, (5.1). (Below, we use the fact that the sequence {Y;} is
ergodic, which follows from Theorem 2.2 applied to the bilinear equation (5.1), or
from the ergodicity of the sequence {4, = a + 4"} given by Volterra series (1.10).)
We claim that there exists a constant C < oo independent of ¢ and such that

EQ*(¢) < C| ¢, (6.10)
where [|||>:= 37, ¢*(s1,52). It suffices to check (6.10) for ¢ symmetric: ¢(s1,52)=

¢(s2,51) and vanishing everywhere except for a finite number of points (sy,s,) € Z>.
By the martingale property of Y,

EQ (§) = 4 ) ¢*(s1,)E[YS Y2148 > d(s1,52)h(s1,83)E[Vy, Yy, Y7 ]
52<81 53 <52 <51
=:41; 4 81,.
Here, I; < C||¢|]* as EY? < C. Next, by Lemma 5.3,
Ll <C > [Ps1.52)p(s1,83)| [s1 — 52| 7 so — 55|27

853 <572 <S]

<C D psis2)| [s1 — 82 £ (1),

8§y <S8

where Y(s1)={>_,, [¢(s1,s3)*}"/* and where we used the fact that __ |s —S3|i(drl)
< C. Hence by the Cauchy—Schwarz inequality,
12

1/2
L] < C|lg|| <Zw2<s1>|s1—sz|i““’> <C|g| (Zw%m) = Cl|o|.

81,52

This proves (6.10).
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Introduce a stochastic measure Wy defined on intervals (x',x”], x’ < x” by

(' x")=c"'NT2 Ny, (6.11)

x' <s/N<x"

where 0% = EY$ = a?/(1 — ||h]|*). As {Y,} is an ergodic square integrable martingale
difference sequence, see above, from the classical martingale CLT (Billingsley, 1968) it

follows that for any m < co and for any mutually disjoint intervals (x},x/], j=1,...,m,
Wy (L) D W (1) = (WX, (e x1)), (6.12)

where W (dx) is the standard Gaussian white noise as in (6.1) and (6.2).
To show (6.8), write the L.h.s. as the “discrete double integral”:

Nizd] UN] = / fN(xl,xz)WN(dxl)WN(dxz), (613)
R2

where the piecewise constant function Fy(xy,x2), (x1,x2) € R? is defined by

N N
In@Lx)=aN'"">"g g =N " g, v i (6.14)
t=1 t=1
for (x1,x2) € (s1/N, (s; + 1)/N] x (s2/N, (s + 1)/N] such that s; #s,, (s1,5,) € Z%, and
fn(x1,x2) = 0 elsewhere. More generally, a “discrete double integral” fgodz Wy =
fRZ @(x1,x)Wyn(dx) )Wy (dxy) is defined for each (simple) function ¢ taking a fi-
nite number of constant values cp""“z on “squares” 4, xA,CR?, A; = (si,(s; + 1)/N1,
s;€7Z, i=1,2, and vanishing on “diagonals”: ¢4 =0, A = A,, by

/@deN = M Wy (A)W(4y)
41,42

with Wy given by (6.11). By definition, any such integral is an off-diagonal quadratic
form of type (6.9), and bound (6.10) translates to

2
E (/cpdsz) <Clol?. (6.15)

where ||| =([g @*(x1,x2) dx; dx2)"/? stands for the norm in the Hilbert space L2(R?)
of all real-valued square integrable functions on R?. Convergence (6.8) now follows
from (6.12)—(6.15) and the representation

Jz(l;dl)Zkz(dl)U_Zsz/ S GL,x2)W(dx))W (dxa),
RZ

see (6.2), where f(x1,x2):=0%¢ [} (s —x1)" (s —x2)8 7" ds is the limit in L2(R?)
of fiy (6.14): ||fx — f]| — 0 (N — o0). See also Surgailis (1982) or Surgailis and
Vaiciulis (1999) for details. This ends the proof of Theorem 6.1. [

Finally, we discuss the limit of partial sums’ processes Sy;(7) = ZEZTI] X;. We shall
suppose that conditions of Theorem 2.2 are satisfied and consider both cases when
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{X;} exhibits either long or short memory in conditional mean. In other words, we
shall assume that the coeficients g; satisfy either condition

g; ~cj"! (6.16)
with some 0 < d; < %, c1 #0, or condition
> lgjl < oo (6.17)
Jj=0
Conditions (6.16) and (6.17) imply
var Syq ~ & N2, (6.18)
var Sy; ~ &N, (6.19)

respectively, where K :=x11/(d1(1 + 2d)), = ZSGZ cov(Xy, Xo).

Theorem 6.2. Assume conditions of Theorem 2.2. Moreover,
(1) if condition (6.16) holds (i.e., {X;} exhibits long memory in conditional mean),

then
(varSy1)~"2Sy1(t) =pp.q Ji(ndr). (6.20)
(i) if condition (6.17) holds (i.e., {X;} exhibits short memory in conditional mean),
then
N728 (1) = 6W(1), (6.21)

where {W(z), © = 0} is a standard Brownian motion.
(iii) if condition (6.17) together with Assumption Ay hold and there exist C < oo,
0<dy < % such that for all j > 1
bl < Cj=, (6.22)

then convergence (6.21) is true with = replaced by = pjo, 1.

Proof. (i) (cf. Giraitis et al. (2000b, proof of Theorem 2.3).) We shall use the moving
average representation (1.16). Write ¥, = v, ;- + /s, where
V;,K = CIE{At|97[t71,t7K]}s V;,IK = Ct(At - E{At|97[t71,t71<]})
and where 7 ;g = 0{{,: s <u <t} is the o-field. Then
Xi=> g Yo=Y giosVig + > Gi-oVik =1 X + X[k
s<t s<t St
Note that both {v;} and {v/x} are strictly stationary weak white noises, the former
being finitely dependent; moreover, E(v, x)* — EYg, E(v/'x)* — 0 (K — o). Whence,
one can easily show
[N7]
NN "X = edi(ndy),
s=1
where ¢ — &1; (K — 00). On the other hand, var(N~"/2=4 SV X/%) < CE(vi ¢ )?
— 0 (K — o0). Clearly, the above facts imply the convergence (varSy;)~"2Syi(1) =
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Ji(t,d1). The tightness in D[0, 1] follows from stationarity of {X;} and (6.18) similarly
as in the proof of Theorem 6.1.

(ii) follows by the same argument as (i), with Ji(t,d;), <1 replaced by W(z),é2,
respectively.

(iii) We need only to check the tightness, which follows from

ESy, < CN'™242, (6.23)
Using Lemma 5.3 and (5.1), (6.17),

N 4
ESZA\‘JI =E Zzgt—sYs

t=1 s<t

< C Z Z |gl‘]—Slgl‘z—szglj—S}gm—le[Yj YSZYS3]|

1<t],..,t4 <N 51252253

< C Z Z ‘gn*Slgtzfszgmes' ‘Sl - S2|:{271‘S2 - S3|:1371

1<t1,,t3 <N 512852253

oo
<SC Y gubudnl Y, I—brur—u|ET o=tz —un|

uy,uz,u3=0 1<t;,t, <N
oo
1+2d 1+2d
SCON'™22 " g4, Gungu| < CN',
uy,u,u3 =0

since sup,c; S0, |t 4+ 0/27" < CN®. This proves (6.23) and the theorem. [J
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