REVIEW (BINOMIAL MODEL)

e Define a 1 period binomial model

e Construct a portfolio: buy a number of stocks and

an amount of money

e Choose the number of stocks and the amount of
money in order to replicate the possible payoffs of
the call

e Derive the equilibrium price of the call

e Examine the factors that affecting the equilibrium
price of the call



Define a 2 period binomial model

Derive the equilibrium price of the call for this model

Derive the equilibrium price of a call for an 3 period

binomial model

Write down the equilibrium price of a call for an n
period binomial model



BINOMIAL OPTION PRICING MODEL

Assumptions and Notation

The price of the stock at period zero is denoted by Sy
There are only two periods: 0 and 1.

The are only two possibilities.

The price of the stock in period one can either go up to
uSp, u > 1, or down to dSp, d < 1



The price of a call option at period zero is denoted by Cj

The call option expires at period one. There are only two
possible states

The two payoffs of the call option are denoted by C', (in
the up state) and C (in the down state):

Cu = max(uSg — X,0), Cg = max(dSy — X, 0)

We have a risk free security. Its return is denoted by Ry

We assume that

d<7“f:Rf+1<u



METHODOLOGY
PORTFOLIO

1. Form a portfolio. In particular, i) buy an amount Hj
of stocks Sp, and ii) borrow an amount of money By

The value of this portfolio in period zero is denoted by
Vo
In period one the payoff from this portfolio is

up state :  HouSg — r¢Bp
down state : HodSg — ryBp



REPLICATE CALL'S PAYOFFS

2 We can choose Hg and By in such a way in order to
replicate the two call’'s outflows at the end of period 1:

up state :  HouSg — ryBg = Cl, (1)
down state : HpdSgy — TfBO = Cy (2)

From equation (1) we subtract equation (2):

HouSg — HogdSg = Cy—Cy =

Hoso(u — d) = Cy — Cd =
Cy—C
Hy = o9 (3)
So(u — d)

Thus in equilibrium Hg is equal to the following ratio:

spread in the payoffs of the call over the spread in the
price of the stock (in the up and down state)

In other words it is the ratio of the range in possible call
values to stock values, often referred to as the hedge ratio
or delta value



Hy =
° 7 So(u —d)

Next, substituting equation (3) into either (1) or (2) gives

By = HyuSqg— Cy = uS —
Ly =d0) ouOQ U uoSo(u—d) U
- u—d B u—d
d —
o py = ud=Cau (4)



PRICE OF CALL=VALUE OF PORTFOLIO IN PERIOD
0

Hqy = Bn =
° T So(u—d) 0T rp(u—d)

3. Finally by the law of one price you can determine the
equilibrium price of the call, Cp, by setting the current
call value equal to the current value of the replicating
portfolio

That is (using the above equation)

Co = Vo= HySo— By
"So(u—d)  rp(u—d)
1
= Cu—Cy)—Cyd+C
rf(u—d)[rf( ! 2 ud + Cqul
1
— (= d) [Culry —d) + Cg(u — )]




B 1
B re(u —d)

Co [Culry —d) + Cq(u —75)]

Next we can denote
rf—d U— Ty
=p <1, =1—-p<1,

u—d p u—d p

1
Co = E[Cup + Cy(1 —p)]

In other words, the equilibrium price of the call in period
0 is equal to the present value (we divide by re= 1—|—Rf)

of a weighted average of the two possible payoffs of the
call in period 1:C and Cy

The weights are given by p and 1 — p.



SPECIAL CASE

As an example examine the special case where

uSg > X = Cy =uSy— X,
dSg < X=0C;3=0

If this is the case then




FACTORS AFFECTING THE PRICE OF CALL

frf—d

_ (uso—X)(

C
0 Tf u—d

) (5)

From the above equation it follows that
i) As X T— Cp |
i) As Sg T— Cp T

o _ uSg—X  d(uSp—X)
i) As 7¢ 1— Cp Tt since Cp = =227 — e (u=d)




STOCK VOLATILITY

The variance of the stock (2) is given by
0% = Pr(u)[uSo — E(S)]* + Pr(d)[dSo — E(S)]?

where Pr(u) denotes the probability of being in the up
state and F/(S) is the expected value of the stock in
period 1

The former is 0.5 and the latter is given by
E(S) = Pr(u)uSy+ Pr(d)dSy

S

~(u+d)



1 S 1 S

2 0 2 0 2
= —|uSg— — d —[dSg — — d
o SlwSo — —~(u+ d)]" + SdSo — —~(u + d)]
U—d2

5 )

Thus as either u T or d |— o2 1

= S5(

Finally, note that from equation (5) it follows that as
u T— Co T by So(rf — d) (numerator) and u T—
Co | by r¢ (denominator). But since So(ry —d) > 7y,
the overall effect is positive



2 PERIOD BINOMIAL MODEL

Next we assume that we have two periods. In period two
there are three possible values for the price of the stock:

u?Sy = Syu, udSg = Sy, and d2Sy = Sy

Periods
0 1 2
2¢ _
uSg =Sy U207 Suu
So G g udSo=Sa
0P @28y = Sy

Accordingly, in the second period there are also three
possible payoffs for the call: Cyy = max(Syu — X, 0),
Cud — max(Sud — X, 0) and Cdd — max(de — X, O)

Periods
0 1 2

C Cuu = max(Syu — X, 0)
Co CZ Cug = max(Syq — X, 0)

Cgq = max(Sgq — X, 0)



1 2
Cu= H[Cuup + Cua(1 —p)]  Cuw = maxgsuu - X 0;
B Cuqg = max(S,qg — X, 0
Cd—@[cudp‘l‘cdd(l—]?)] Cyq = max(Syy — X, 0)
When the stock price is at the up stage in period 1 we
can use the 1 period Binomial model to price the option

in period 1 in the up state:

1
Cy = E[Cuup + Cua(l — p)] (6)
Similarly when the stock price is at the down stage in
period 1 we can use the 1 period Binomial model to price

the option in period 1 in the down state:

Cy= %[cudm Caa(L — p)] (7)



0 1
Cu= = [Cuup + Cyuq(l — p)]

r

Co=L[Cup+ Cy(l—p
OGPl 6 = L + Caalt )

_”n_

Finally, given the possible call values (Cy and C}) for
period 1 we move to the present and again use the 1
period Binomial model to find Cly:

1
Co = E[Cup +C4(1 —p)] (8)
Substituting equations (6) and (7) into (8) gives:

1
Co = ,,4—2[011@192 +2p(1 — p)Cuq + (1 — p)?Cyql
f

That is



3 PERIODS BINOMIAL MODEL
In period 3 there are four possible payoffs for the call:
Cuvu = max(Syuu—X,0); Cpuyg = max(Sy,ua—X,0);

Cudd = max(Syqq — X, 0); Cgqq = max(Sgqq — X, 0)

Periods
0) 1 2 3
o Cuuu = max(Suuy — X, 0)
CO Cu Cud Cuud = max(Suud — X, O)
Cyq Co Cudd = max(Syqq — X, 0)

Cdaq = max(Sgqq — X, 0)



Steps:

i) We calculate the 3 possible call payoffs in period 2
using the 1 period Binomial model:

Cuu = %[Cuuup + Cuud(1 — p)l;
Cud = %[Cuudp + Cudd(1 — p));

Caa = %[Cuddp + Caqa(1 — p)]



C’U,U,
Co Cu Cud
Ca Cdd

ii) We calculate the 2 possible call payoffs in period 1
using the 1 period Binomial model:

Cu = %[Cuup + Cua(l —p)l;

Cyq= %[Cudp + Caq(1 — p)]

iii) We calculate the price of the call in period 0 using
the 1 period Binomial model:

Co = 7-[Cup + Cy(1 - p)]



Finally, substituting the expressions for Cy, Cy, Cuyu,
Cq and Cyg into the expression for Cy gives

1
Co = T—3[P3Cuuu + 3p2(1 — p)Cuud
/
+3p(1 — p)?Cugaq + (1 — p)>Cyqdl

That is equilibrium price of the call in period 0 is equal
to the present value (we divide by r?) of the weighted
average of all the 4 possible call payoffs in period 3:

Cuvus Cuudr Cuddr Cddd

where the weights can be obtained using the Binomial
formula: (?)pj(l — p)"~J where j is the number of the

up states.and the (?) — ﬁ



n PERIOD BINOMIAL MODEL

In general if we have an n period model the equilibrium
price of the call will be given by

Co = () (1= p)"7Cjgtn)

P’ (1 —p)*

1 n
D
f =0
1 n
_”]z:()y'(n—J)'

max[Sou]d(n ) - X, 0]

If n = 3 (we have a 3 period Binomial model) the form
will give us

1
Cop = T—3[p3cuuu + 3p2(1 —p)Cuud
f
+3p(1 — p)?Cuga + (1 — p)>Cqdl



SUMMARY (BINOMIAL MODEL)

e Defined a 1 period binomial model:

Periods Periods
0 1 0 1
50 g5, = S, Co Cy

e Constructed a portfolio: buy a number of stocks and
an amount of money:

up state: HouSg — r¢Bg
down state : HodSp — 7¢Bg

e Chosen the number of stocks and the amount of
money in order to replicate the possible payoffs of
the call:

T So(u—d) 0 ri(u—d)

Hy



e Derived the equilibrium price of the call:

1
Co = —[Cup + Cy(1 — p)],
Tf

rf—d

U—T‘f

— <17
u—d b U —

=1—-—p<1,

e Examined the factors that affecting the equilibrium
prive of the call:

) As X T— Cp | ii) As So T— Co 1; iii) As ry T—
CoT; As o T— Co 1



e Defined a 2 period binomial model:

Periods
0 1 2

C Cuu = max(Syu — X, 0)
Co CZ Cud = max(Syq — X, 0)

Cgq = max(Sgq — X, 0)

e Derived the equilibrium price of the call

1
Co = 74—2[(7%102 +2p(1 — p)Cuq + (1 — p)?Cydl
f

e Derive the equilibrium price of a call for an 3 period
binomial model:

1
Co = —3[]93Cuuu =+ 3292(1 — p)Cluud

T
/
+3p(1 — p)?Cluga + (1 — p)>Cyqdl



e Write down the equilibrium price of a call for an n
period binomial model:

Co = —Z( )pj(l— P)"ICjyn)

fJO

- 2y

T = o]l(n_ )!
max[Squ/d(" ) — X, 0]

p? (1 — p)*Y



