REVIEW (BINOMIAL MODEL)

Define a 1 period binomial model

Construct a portfolio: buy a number of stocks and
invest an amount of money

Choose the number of stocks and the amount of
money in order to replicate the possible payoffs of
the put

Derive the equilibrium price of the put

Examine the factors that affecting the equilibrium
price of the put



Define a 2 period binomial model

Derive the equilibrium price of the put for this model

Derive the equilibrium price of a put for a 3 period

binomial model

Write down the equilibrium price of a put for an n
period binomial model



BINOMIAL OPTION PRICING MODEL

Assumptions and Notation

The price of the stock at period zero is denoted by Sy
There are only two periods: 0 and 1.

The are only two possibilities.

The price of the stock in period one can either go up to
uSp, w > 1, or down to dSp, d < 1



The price of a put option at period zero is denoted by Fy

The put option expires at period one. There are only two
possible states

The two payoffs of the put option are denoted by P, (in
the up state) and P, (in the down state):

Py, = max(X — uSp,0), P; = max(X — dSp,0)

We have a risk free security. Its return is denoted by Ry

We assume that

d<7“f:Rf+1<u



METHODOLOGY
PORTFOLIO

1. Form a portfolio. In particular, i) buy an amount Hj
of stocks Sp, and ii) invest an amount of money I

The value of this portfolio in period zero is denoted by
Vo
In period one the payoff from this portfolio is

up state :  HouSg + rrlg
down state : HodSg + ryl



REPLICATE PUT'S PAYOFFS

2. We can choose Hg and I in such a way in order to
replicate the two put's outflows at the end of period 1:

up state :  HouSg + rlg = Pu, (1)
down state : HpdSp + TfIO = P; (2)

From equation (1) we subtract equation (2):

HouSg — HodSg = Py, — P; =

H()S()(u — d) = P,—FP;=

. P,-P
Ho = So(u — d) 3)

Thus in equilibrium Hg is equal to the following ratio:

spread in the payoffs of the put over the spread in the
price of the stock (in the up and down state)

In other words it is the ratio of the range in possible put
values to stock values, often referred to as the hedge ratio
or delta value



~ So(u — d)

Hy

Next, substituting equation (3) into either (1) or (2) gives

P, — Py
rely = Pu—HOuSO:Pu—uSOSO"(LU_d)
u—d u—d
Pu — P,d
= [p=—4 ¢ (4)
rf(u—d)

Note that since P; > Py, Hg will be negative and I

will be positive.

This implies that the replicating put portfolio is con-
structed with a short position in the stock (selling Hy
shares short) and a long position in the risk-free security.



PRICE OF PUT=VALUE OF PORTFOLIO IN PERIOD
0

o Pu_Pd T _Pdu—Pud
~ So(u—d) 0T rp(u—d)

Hy

3. Finally by the law of one price you can determine the
equilibrium price of the put, Py, by setting the current
put value equal to the current value of the replicating
portfolio

That is (using the above equation)

Py = V= HySo+ Ip
Pu_Pd Pdu—Pud
S
Solu—d) re(u— d)
L (P Py + Ppu— Pud]
= T — U —
rr(u —d) A d d “
1
= P, —d P —
rf(u—d)[ u(ry —d) + Pg(u —ry)]




B 1
N rf(u — d)

= [Pu(Tf — d) + CPd(u — Tf)]

Next we can denote
rf—d U— Ty
=p <1, =1—-—p<1,

u—d p u—d P

1
Py = —[Pup + Fy(1 — p)]
"f

In other words, the equilibrium price of the put in period
0 is equal to the present value (we divide by T = 1—|—Rf)

of a weighted average of the two possible payoffs of the
put in period 1: P, and Py

The weights are given by p and 1 — p.



SPECIAL CASE

As an example examine the special case where

dSg < X:>Pd:X—dSO

If this is the case then

Py =Pyl - p) = (X = %)

T T

’U,—’I“f
(—)



FACTORS AFFECTING THE PRICE OF PUT

(X — dSo)(u—Tf)

Tf u—d

Py = (5)

From the above equation it follows that
)As X T— Py 1
i) As Sop T— Py |

i) As 7y T— Py T] since

Pu—Pud _ dS (X —dSo)u
PO—SOSO(U, d)Jr rf(u Q) = (uo &) T u—d)




STOCK VOLATILITY

The variance of the stock (¢2) is given by
0% = Pr(u)[uSy — E(S)]* + Pr(d)[dSo — E(S)]?

where Pr(u) denotes the probability of being in the up
state and FE/(S) is the expected value of the stock in
period 1

The former is 0.5 and the latter is given by
E(S) = Pr(u)uSgy+ Pr(d)dSq

S

~(u+d)



1 S 1 S

2 0 2 0 2
= “[uSy— — d ~[dSg — = d

o? = “[uSo—— (u+d)]* + dSo — (u+ d)]
—d)2

Thus as either u T or d |— o2 1

u
= S5(

Finally, note that from equation (5): Py = (X ;ZSO)(U Tf)

it follows that as u T— Py T by X — dSp (numerator)
and u T— Py | by r¢ (denominator). But since X —
dSp > 1y, the overall effect is positive



2 PERIOD BINOMIAL MODEL

Next we assume that we have two periods. In period two
there are three possible values for the price of the stock:

u?Sy = Syu, udSg = Sy, and d2Sy = Sy

Periods
0 1 2
20 _
uSg =8y U207 Suu
So GG udSo=Sa
PP @28y = Sy

Accordingly, in the second period there are also three
possible payoffs for the put: Py = max(X — Sy, 0),
Pud — max(X - Sud7 O) and Pdd — max(X — de, O)

Periods
0 1 2

P Puy = max(X — Syu, 0)
Py PZ Pud = max(X — 5,4,0)

Piq = max(X — 544, 0)



1 2

e %[Puup + Puq(1 —p)] Pyy = max(X — Suu, 0)

- Pyug = max(X — Sy4,0)

Pd—@[Pudp‘f'Pdd(l_P)] Py = max(X — Sy4,0)
When the stock price is at the up stage in period 1 we
can use the 1 period Binomial model to price the option

in period 1 in the up state:

1
Py = E[Puup + Puq(1 — p)] (6)
Similarly when the stock price is at the down stage in
period 1 we can use the 1 period Binomial model to price

the option in period 1 in the down state:

Py = %[Pudp + Py(1 —p)] (7)



0 1

Py Lot Pl—p)] T %[Puuw Pua(1 —p)]
0 — -, p d\t —DP
et Py = @[Pudp + Pgq(1 — p)]

Finally, given the possible put values (P, and P,;) for
period 1 we move to the present and again use the 1
period Binomial model to find Fjy:

1
Po = E[Pup + Pq(1 —p)] (8)
Substituting equations (6) and (7) into (8) gives:

1
Py = r—z[Pfu,up2 +2p(1 — p)Pug + (1 — p)? Py

f
That is Py is equal to the present value of a weighted

average of the three possible payoffs in period two:
Puu, Pud and Pdd-

The sum of the weights is equal to one:

P> +2p(l—p)+(1—p)°=[p+(1—-p)*=1



3 PERIODS BINOMIAL MODEL
In period 3 there are four possible payoffs for the put:
P’U,’U,’U, — maX(X_Suuu, O), P’U,’U,d — maX(X_Suud, O),

Puaq = max(X — Sy4d,0); Pgaq = max(X — Sg4q4,0)

Periods
0 1 2 3
P, Puyy = max(X — Syuu, 0)
P, Py P, Pyug = max(X — Syqq,0)
Fa  p Tudd = max(X — Syqdd,0)

Pygq = max(X — Sg44,0)



Steps:

i) We calculate the 3 possible put payoffs in period 2
using the 1 period Binomial model:

Py = %[Puuup + Puud(l — p)];
Pug = %[Puudp + Puaa(l — p)l;

1
Piq = @[Puddp + Pyqq(1 — p)]



P’U/LL

P,
Py Pu Pyq
4 Pu

ii) We calculate the 2 possible put payoffs in period 1
using the 1 period Binomial model:

Py = 1f[Puup‘|‘ P,qa(1—p)l;

— re
1
Py = @[Pudp + Pyq(1 — p)]

iii) We calculate the price of the put in period 0 using
the 1 period Binomial model:

Po = L[Pup + Py(1 — p))



Finally, substituting the expressions for Py, P, Py, P4
and P,;; into the expression for Py gives

1
Py = r_3[p2uup + 3]?2(1 — p)Puud
J
+3p(1 — p)543qP + (1 — ) Pyad

That is the equilibrium price of the put in period O is equal
to the present value (we divide by r?) of the weighted
average of all the 4 possible put payoffs in period 3:

Puuus Pyyds Pudds Pddd

where the weights can be obtained using the Binomial
formula: (?)pj(l — p)"~J where j is the number of the

up states and the (;‘) = W



n PERIOD BINOMIAL MODEL

In general if we have an n period model the equilibrium
price of the put will be given by

Py = () (L =p)"7Pj i)

P’ (1 —p)*

1 n
D
f =10
1 n
_”]z:()y'(n—J)'

max[X — Squ/d("~9), 0]

If n = 3 (we have a 3 period Binomial model) the form
will give us

1
PO — T—3[p3puuu + 3p2(1 — p)Puud
f
+3p(1 — p)?Pyugq + (1 — p)>Pyad]



SUMMARY (BINOMIAL MODEL)

e Defined a 1 period binomial model:

Periods Periods
0 1 0 1
% gs,=s, 0 p,

e Constructed a portfolio: buy a number of stocks and
invest an amount of money:

up state: HouSp + 7l
down state : HodSg + r¢lg

e Chosen the number of stocks and the amount of
money in order to replicate the possible payoffs of
the put:

Pu_Pd T _Pdu—Pud

Hqy = —
° 7 So(u—d) 0T rp(u—d)




e Derived the equilibrium price of the put:

1
Py = E[Pup + Pg(1 —p)],

rf—d

U—T‘f

=p <1,

=1—p<I1,
u—d u — p

e Examined the factors that affecting the equilibrium
price of the put:

) As X T— By 1;ii) As So T— Fp l; iii) As rp T—
Py |; As 02 1— Py 1



e Defined a 2 period binomial model:

Periods
0 1 2

2 Puy = max(X — Sy, 0)
Py PZ Pud = maX(X — Suds O)

Piq = max(X — 544, 0)

e Derived the equilibrium price of the put

1
Py = 74—2[13%102 +2p(1 — p)Pug + (1 — p)? Pyl
f

e Derive the equilibrium price of a put for an 3 period
binomial model:

1
Py = —3[P3Puuu + 3p2(1 — p)Puud

T
/
+3p(1 — p)?Pyugq + (1 — p)>Pygql



e Write down the equilibrium price of a put for an n
period binomial model:

Py = —Z( )pj(l— P)" P ytn)

fJO

- 2y

T = o]l(n_ )!
max[X — Sou/d(" ), 0]

p? (1 — p)*Y



